



























Abstract. We show that strong approximate lattices in higher-rank semi-
simple algebraic groups are arithmetic. Our approach consists in studying
a certain Borel cocycle naturally associated to a discrete subset of a locally
compact group; we exploit similarities with cocycles on transitive spaces that
enable us to make use of cocycle superrigidity results. From this investigation
also arises a notion of property (T) for approximate subgroups instrumental
in proving finite generation results.
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In his pioneering monograph [20] Meyer studied what later came to be known as
mathematical quasi-crystals: approximate subgroups (in the sense of Tao [25]) of
Euclidean spaces that are both discrete and co-compact. Meyer showed a structure
theorem that asserts that quasi-crystals come from lattices in higher-dimensional
Euclidean spaces, thus exhibiting a link between aperiodic structures with long
range order and arithmeticity in higher dimension.
Björklund and Hartnick defined in [4] various non-commutative generalisations
of quasi-crystals. In particular, they defined strong approximate lattices : these are
subsets Λ of G such that 1 ∈ Λ, Λ−1 = Λ, Λ2 is discrete in G, Λ2 ⊂ Fλ for some
finite F ⊂ G, and in addition such that there exists a proper Borel probability
measure on the invariant hull
ΩΛ := {gΛ, g ∈ G}
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in the Chabauty space of closed subsets of G endowed with the Chabauty-Fell
topology (see Section 2). Note that every lattice in G (i.e. discrete subgroup of
finite co-volume) is a strong approximate lattice. A fundamental question raised by
Björklund and Hartnick asks whether Meyer’s theorem holds for strong approximate
lattices. In the language of [4] their question is as follows:
Question 1 (Problem 1, [4]). Let Λ be a strong approximate lattice in a locally
compact group G. Is Λ contained in a model set?
Here “model set” refers to a type of particularly regular strong approximate
lattices defined as the projections to G of some relevant subsets of lattices in higher
dimension. More precisely, we define a cut-and-project scheme as a triple (G,H,Γ)
formed of two locally compact groups G and H , and a lattice Γ in the product
G×H such that Γ projects injectively to G and densely to H . Given a symmetric
relatively compact neighbourhood of the identity W0 ⊂ H one can then define the
model set P0(G,H,Γ,W0) := pG (Γ ∩ (G×W0)). A first interesting feature is that,
according to [6], model sets are strong approximate lattices. In the language of [4]
Meyer’s theorem thus becomes:
Theorem ([20]). A strong approximate lattice Λ in a Euclidean space Rn is con-
tained in and commensurable to a model set coming from a cut-and-project scheme
(Rn,Rm,Γ).
Two approximate subgroups Λ1,Λ2 in G are said to be commensurable if there
is a finite subset F ⊂ G such that Λ1 ⊂ FΛ2 and Λ2 ⊂ FΛ1. Note that similar
theorems for approximate lattices in nilpotent, soluble and amenable groups have
already been established ([16, 15, 17]) giving partial answers to Question 1.
Our main goal is to extend Meyer’s theorem to higher-rank semi-simple groups
and, therefore, to answer Question 1 affirmatively for such groups. As in Meyer’s
theorem, we are able to be more precise and relate approximate lattices to arith-
metic structures in higher dimension. Our main theorem thus happens to be rem-
iniscent (and in fact extends) Margulis’ arithmeticity theorem (see e.g. [19, Th.
1]).
Theorem 1 (Arithmeticity of strong approximate lattices). Consider a finite set
A, characteristic 0 local fields (kα)α∈A and simple kα-groups (Gα)α∈A with kα-
rank ≥ 2. Let Λ be a strong approximate lattice in ∏α∈A Gα(kα) and Λ∞ be the
subgroup it generates. Then there are number fields (Ki)1≤i≤r and for all 1 ≤ i ≤ r
an absolutely simple Ki-group Hi, a finite set Si of inequivalent places of Ki and a
partition {S1i , S2i } of Si such that we have:
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• the strong approximate lattice f(Λ) is contained in and commensurable to



















where Γ′ is the subgroup generated by Γ and
∏
1≤i≤r Hi(OKi,Si);





is the natural projection.
As a good working example one can consider the strong approximate lattice of




2] such that |α −
√
2β| < 1.
In this example we find r = 1, K1 = Q(
√
2), H1 = SL3 and S1 is the set of
Archimedean places of Q(
√
2). An informal but insightful description of Theorem
1 of a similar flavour can be given using Pisot numbers. A Pisot number is an
algebraic integer α ∈ Q such that every conjugate α′ of α different form α has
absolute value lower than 1. In other words, for all σ ∈ Hom(Q(α),Q) we have
σ(α) = α or |σ(α)| < 1. In addition, we say that such an algebraic number α
has degree d if d = [Q(α) : Q]. The link between Pisot numbers and abelian
approximate lattices has been studied extensively by Meyer in [20]. Meyer proved
that the subset of Pisot numbers of degree d in a real number field K of degree
d is a strong approximate lattice in R; conversely any strong approximate lattice
stable by products is obtained this way. Here again, Pisot numbers give rise to
strong approximate lattices: take a real number field K of degree d, a simple K-
group G and a K-representation G(K) ⊂ GLn(K), then the subset ΛK of G(K)
of matrices with coefficients in the subset of Pisot numbers of degree d contained
in K is a strong approximate lattice (a model set even) in G(R) as a consequence
of the Borel–Harish-Chandra theorem. Theorem 1 then asserts that, conversely,
all strong approximate lattices in G(R) with G higher-rank absolutely simple are
commensurable to model sets that arise this way.
The above examples involving Pisot numbers are built by considering solely the
Archimedean places of some real number field. Generally speaking, the Archimedean
places play a crucial part in Theorem 1: the set Si always contains all the Archimedean
places v of Ki such that Hi((Ki)v) is not compact. Conversely, upon considering
model sets that are only commensurable to Λ but that do not necessarily contain
it, we can choose S2i in Theorem 1 to contain only Archimedean places v such that
Hi((Ki)v) is non-compact. This reflects the very general property of model sets -
consequence of the Gleason–Yamabe theorem - that any model set P0(G,H,Γ,W0)
is commensurable to and contains a model set P0(G,H
′,Γ′,W ′0) with H
′ a con-
nected Lie group without compact normal subgroup. The cut-and-project scheme
(G,H ′,Γ′) can be seen as a “minimal” or “reduced” cut-and-project scheme associ-
ated to Λ (see [17]). Theorem 1 therefore yields a precise description of this minimal
cut-and-project scheme as well in terms of Archimedean places of the number fields
Ki.
Using Theorem 1 as a stepping stone we obtain a structure theorem for strong
approximate lattices in all semi-simple Lie groups without rank one factors.
Theorem 2 (Meyer theorem for higher-rank semi-simple Lie groups). Let Λ be a
strong approximate lattice in a semi-simple S-adic Lie group G without rank one
factors, such that Λ∞ projects densely to the maximal compact factor of G and such
4 APPROXIMATE LATTICES IN HIGHER-RANK SEMI-SIMPLE GROUPS
that the kernel of Ad is the centre of G, then Λ is contained in and commensurable
to a model set.
In fact, according to Corollary 5 the class of sets to which Theorem 1 and 2
apply is larger than the class of strong approximate lattices and can be described
as follows: X is any subset such that (X−1X)3 is discrete and the invariant hull of
X admits a proper invariant probability measure.
As in the lattice case, our Arithmeticity theorem comes with a superrigidity
theorem.
Theorem 3. With A, (kα)α∈A and Gα as in Theorem 1. Let Λ be a strong approxi-
mate lattice in
∏
α∈A Gα(kα) and Λ
∞ the subgroup it generates. Let T : Λ∞ → H(k)
be a group homomorphism with Zariski-dense image in H(k) the group of k-points
of a simple k-group H with k a local field. Then either T (Λ) is bounded or there is
a continuous group homomorphism π :
∏
α∈A Gα(kα) → H(k) that extends T .
A partial version of Theorem 3 is used to prove Theorem 1; It is proved before-
hand along with a rigidity result for compact approximate subgroups that we deem
interesting in and of itself:
Proposition 1. Let Λ be a K-approximate subgroup of some group. Define X(Λ)
as the set of group homomorphisms ϕ : Λ∞ → G(R) with:
(1) G an adjoint semi-simple R-group;
(2) ϕ(Λ) is compact and has non-empty interior;
(3) ϕ(Λ8) does not project densely to any factor of G.
If X(Λ) is not empty, then X(Λ) has a maximal element τ : Λ∞ → H(R) with
dim(H) bounded by a constant CK , depending on K only, such that for any σ :
Λ∞ → L(R) ∈ X(Λ) there is an R-morphism π : H → L with π ◦ τ = σ.
On readily sees that (3) is an immediate consequence of (2) when G has no
compact factor. Moreover, (2) is equivalent to ϕ(Λ) being relatively compact and
Zariski-dense.
For Λ a strong approximate lattice as in Theorem 1, Proposition 1 has the
following remarkable consequence: if Λ is irreducible (corresponding to r = 1 in
Theorem 1, see Subsection 3.2) and Λ is not commensurable to a genuine lattice,
then the dimension of any simple factor of GA is bounded by CK . The number of
factors of GA (i.e. |A|) can be arbitrarily large however.
In addition to the rigidity results we make use in the proof of Theorem 1 of
the finite generation of strong approximate lattices in higher-rank groups. In order
to prove finite generation we introduce a notion of Property (T) for approximate
subgroups:
Definition 1. Let Λ be an approximate subgroup of some group and Λ∞ be the
group it generates. We say that Λ has property (T) if for any unitary representation
(π,Hπ) of Λ∞ that almost has invariant vectors one of the following equivalent
properties is satisfied:
(1) there is a norm 1 vector ξ ∈ Hπ such that π(Λ)(ξ) is totally bounded;
(2) there is a norm 1 vector ξ ∈ Hπ such that for all δ > 0 there is an approxi-
mate subgroup Λ(δ, ξ) contained in and commensurable to Λ2 such that for
all λ ∈ Λ(δ, ξ) we have ||π(λ)(ξ) − ξ|| < δ;
(3) there is a sub-representation (σ,Hσ) such that σ(Λ) is totally bounded in
the unitary group U(Hσ) equipped with the strong operator topology.
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We can first prove that property (T) for approximate subgroups implies - and is
sometimes equivalent to - the relative property (T) of the pair (Λ∞,Λ) (Proposi-
tion 18); this provides many interesting examples of approximate subgroups with
property (T). We also show that strong approximate lattices of property (T) groups
have property (T) (Proposition 20) and that property (T) approximate subgroups
generate finitely generated groups (Proposition 21) - therefore yielding:
Proposition 2. Let Λ be a strong approximate lattice in a property (T) group.
Then Λ∞ is finitely generated.
While writing this article we learnt that, in an article in preparation ([14]),
Hrushovski independently proved an Arithmeticity theorem for a general notion of
approximate lattices in a class of locally compact groups that contains semi-simple
algebraic groups, thus generalising Theorem 1. We indicate however that the two
proof strategies seem to be disjoint. Hrushovski’s approach relies on model-theoretic
tools and first builds a very general “quasi-model” for any approximate subgroup.
He then shows that any approximate lattice in a certain class of groups comes
from a cut-and-project scheme. This then yields Arithmeticity using the theory
of lattices in locally compact groups. In contrast, we first prove Superrigidity
and Arithmeticity for ⋆-approximate lattices using ergodic theory, algebraic groups
and the structure of compact approximate subgroups ([8, 10, 17]). We then show
Meyer’s theorem in semi-simple Lie groups as a consequence of Arithmeticity. Our
approach is more in the spirit of Margulis’ proof of Arithmeticity and Zimmer’s
proof of cocyle superrigidity.
1.1. Proof strategy. Let us now give a quick overview of the proof strategy. We
first define a generalisation of strong approximate lattices called ⋆-approximate lat-
tices (Definition 4) and show that ⋆-approximate lattices behave well with respect to
elementary operations. In particular, under reasonable hypotheses the intersection
of a ⋆-approximate lattice with a closed subgroup is a ⋆-approximate lattice and a ⋆-
approximate lattice in a product of groups is the ‘product’ of ⋆-approximate lattices
in each factor (Proposition 8). The first consequence of these two facts is a handy
characterisation of irreducible ⋆-approximate lattices in products of semi-simple al-
gebraic groups over characteristic 0 local fields (Proposition 9). The philosophy of
the proof then becomes that the behaviour of a ⋆-approximate lattice in a product
will be determined by the behaviour of any of its ‘cut-and-projects’ to any factor.
The proof of Theorem 1 thus reduces to the case of a ⋆-approximate lattice
Λ in a simple algebraic group defined over a local field of characteristic 0. We
then proceed to adapt the classical proof strategy for arithmeticity results (e.g.
[19, 28]). To do so we begin with the proof of two rigidity results: Proposition 1 and
Proposition 23. Proposition 23 gives an alternative for any group homomorphism
T from Λ∞ to the points of a simple algebraic group: either there is a continuous
group homomorphism that extends T or the subset T (Λ) is bounded. Proposition
23 can therefore be thought of as a partial generalisation of Margulis’ superrigidity
for lattices in simple Lie groups ([19, Th. 2]). However, since Λ is not a subgroup,
the boundedness of T (Λ) is not so straightforward to utilise. Proposition 1 then
allows us to do so.
We first prove Proposition 23. The proof strategy relies at its core on Zimmer’s
cocycle superrigidity ([28, Th. 5.2.5]). To be able to use Zimmer’s cocycle super-
rigidity we build a relevant cocycle α of the form (g,X) 7→ s(gX)−1gs(X) over the
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extended hull of a ⋆-approximate lattice Λ (Lemma 7) and show a close relation-
ship between the range of α and the subset T (Λ) (Proposition 13). This provides
a substitute for Mackey’s results on cocycles of transitive G-spaces ([18, 28]). A
key step in the proof of Proposition 13 is the study of ‘periodization maps’ inspired
by the periodization map from [4] and Siegel’s transform from [24] (see Definition
5). In addition to a proof of Proposition 13, the study of periodization maps yields
a series of elementary but useful results: envelopes of ⋆-approximate lattices are
unimodular, ⋆-approximate lattices have finite co-volume or a relationship between
measures on the hull and certain measures on the ambient group (Subsection 2.2).
Proposition 13 may be summed up as: if α ranges in a sufficiently small subset, then
we are able to extract from α information on the subset T (Λ). As a straightforward
consequence we obtain that T (Λ) is compact whenever α is cohomologous to a co-
cycle that ranges in a compact subset (Corollary 8). Similarly, if α is cohomologous
to a cocycle that ranges in the graph of a continuous map, then T (Λ) is contained in
this graph, provided that the target group is sufficiently non-commutative (Propo-
sition 17). A combination of both results and Zimmer’s cocycle superrigidity then
yields Proposition 23.
By a similar strategy, we then prove that strong approximate lattices in property
(T) group satisfy a certain generalisation of property (T) (Definition 1) and this
implies finite generation of the subgroup generated by Λ (Proposition21).
We now move on to the proof of Proposition 1. In contrast with our strategy for
Proposition 23 our approach of Proposition 1 does not rely on advanced theory of
semi-simple Lie groups. In fact, we use only elementary results about simple Lie
groups such as their topological simplicity or the monotonicity of the dimension of
Lie groups. The key ingredient of the proof is really the structure theory of compact
approximate subgroups ([8, 10, 17]).
Thus, we are able to build a semi-simple R-groupH with an embedding Λ∞ → H
such that the image of the diagonal embedding Λ∞ → G×H is a subgroup Γ that
is ‘superrigid’ in a sense close to [19, Th. 2]. Finally, following and adapting
the classical trace argument ([19, Section IX]), we show that Γ is S-arithmetic in
G×H (Proposition 24 and Proposition 25). The triple (G,H,Γ) then seems the to
be a good candidate for the cut-and-project scheme we are looking for. It scarcely
fails to be so, as we are forced to consider ‘S-adic Lie groups’ to prove Theorem
1. Nonetheless, one can always find a cut-and-project scheme (G,H,Γ′) with Γ′ a
commensurated subgroup of Γ that would give rise to model sets commensurable
to Λ.
Deducing Theorem 2 from Theorem 1 requires to deal with compact factors
of semi-simple Lie groups and infinite centres. We do so by combining classical
arguments about subgroups with finite co-volume in semi-simple Lie groups and
tools to study infinite approximate subgroups developed in [17].
2. ⋆-Approximate Lattices
2.1. Definition and First Properties. For any two subsets X and Y of a group
G we define XY := {xy|x ∈ X, y ∈ Y }, Xn := {x1 · · ·xn|x1, . . . , xn ∈ X} for all
non-negative integers n and X∞ :=
⋃
n≥0X
n. We say that two subsets X,Y of a
group G are commensurable if there is a finite subset F of G such that X ⊂ FY
and Y ⊂ FX . A subset A of a group G is a (K-)approximate subgroup for some
positive integer K if (i) the identity element e belongs to A, (ii) the subset A
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satisfies A = A−1 and (iii) there is a finite subset F ⊂ G with |F | ≤ K such that
A2 ⊂ FA.
A subset X of a locally compact group G is (i) locally finite if for all compact
subsets K ⊂ G we have |X∩K| <∞. The subset X is said (ii) uniformly discrete if
e is isolated in X−1X andX has (iii) finite local complexity if X−1X is locally finite.
Equivalently, the subset X is uniformly discrete if there exists a neighbourhood of
the identity V with |gV ∩X | ≤ 1 for all g ∈ G. Clearly (i) ⇐ (ii) ⇐ (iii) and the
three properties are equivalent if X is an approximate subgroup.
Equip now the space C(G) of closed subsets of G with the Chabauty-Fell topology.
The Chabauty-Fell topology on the space C(G) of closed subsets of G is defined as
the topology generated by the subsets
UK := {C ⊂ G|G ∩K = ∅} and UV := {C ⊂ G|G ∩ V 6= ∅}
for all K ⊂ G compact and V ⊂ G open. When G is second countable, the
Chabauty-Fell topology makes C(G) into a compact metrizable G-space with the
obvious action (g,X) 7→ gX . To any X0 ∈ C(G) one can therefore associate a
compact metrizable G-space ΩX0 called the (left)-invariant hull and defined as the
closure of the orbit of X0. A strong approximate lattice is thus defined as any
uniformly discrete approximate subgroup Λ of G such that the G-space ΩΛ admits
a G-invariant Borel probability measure that is proper i.e. ν({∅}) = 0. See [4] for
this and more.
Note moreover that a sequence (Xn)n≥0 of elements of C(G) converges toX if and
only if (1) for all x ∈ X there are xn ∈ Xn for all integers n ≥ 0 with xn → x; (2)
for all increasing sequences of positive integers (ik)k∈N and any sequence (xik )k∈N
with xik → x, we have x ∈ X ([12],[22, Prop. 1.8]).
Definition 2. Let X0 be a closed subset of a locally compact second countable
group G. The extended invariant hull ΩextX0,G of X in G is the subset of C(G) defined
by
{X ∈ C(G)|X−1X ⊂ X−10 X0}.
When the group G considered is clear from context we will simply write ΩextX0 .
The extended invariant hull is a natural generalisation of the invariant hull de-
fined above:
Lemma 1. Let X0 be a closed subset of a locally compact second countable group
G. Then ΩextX0,G is a closed subset of C(G) stable under the G-action. Thus, the set
ΩextX0,G is a metrizable compact continuous G-space. Moreover, the invariant hull




Proof. Stability under the G-action is clear. Now, consider a sequence (Xn)n≥0 of
elements of ΩextX0,G that converges towards X ∈ C(G) and take x, y ∈ X . There are
xn, yn ∈ Xn for all integers n ≥ 0 such that xn → x and yn → y. Note that for
all integers n ≥ 0 we have x−1n yn ∈ X−10 X0. So we have x−1y = limn≥0 x−1n yn ∈
X−10 X0. Hence, the closed subset X belongs to Ω
ext
X0,G
. Finally, we have the X0 ∈
ΩextX0,G so ΩX0 ⊂ ΩextX0,G. 
Given a closed subset X0 of some locally compact group we want to study the er-




however, as the measure δ∅ is always a well defined G-invariant Borel probability
measure on ΩextX0 . This observation leads to the following:
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Definition 3. We say that a left-invariant Borel probability measure ν on ΩextX0,G
is proper if ν({∅}) = 0.
Definition 4. Let Λ be a subset of a locally compact second countable group G.
We say that Λ is a ⋆-approximate lattice if:
(1) Λ is an approximate subgroup;
(2) Λ is uniformly discrete;
(3) there is a proper G-invariant Borel probability measure ν on ΩextΛ,G.
Note here again that condition (1) is quite natural and follows from (3) and a
slight strengthening of (2) according Corollary 5 from Subsection 2.2. In addition,
proper G-invariant Borel probability measure on the extended invariant hull can be
related to proper G-invariant Borel probability measure on the invariant hull (in
the sense of [4]) of some subset.
Proposition 3. Let Λ be a uniformly discrete approximate subgroup of a locally
compact second countable group G. The following are equivalent:
(1) the approximate subgroup Λ is a ⋆-approximate lattice;
(2) there is X0 ⊂ Λ2 with X−10 X0 ⊂ Λ2 such that there is a proper G-invariant
ergodic Borel probability measure ν on ΩX0 the invariant hull of X0 in G.
Proof. Let us start by showing (1) ⇒ (2). Since Λ is a ⋆-approximate lattice there
exists a proper G-invariant ergodic Borel probability measure on the metrizable
compact G-space ΩextΛ,G. Let S denote the support of ν. Since ν is ergodic there is
an element X ∈ S whose orbit is dense in S. We thus have S = G ·X = ΩX . But
X 6= ∅ since ν is proper. So ν gives rise to a proper G-invariant Borel probability
measure on ΩX . Define now X0 := x
−1X for some x ∈ X . We have X0 = x−1X ⊂
Λ2, X−10 X0 = X
−1X ⊂ Λ2 and ΩX = ΩX0 admits a proper G-invariant ergodic
Borel probability measure.
Conversely, the inclusion i : ΩX0 → ΩextΛ,G is injective, continuous and satisfies
i−1({∅}) ⊂ {∅}. So i∗ν is a proper G-invariant ergodic Borel probability measure
on ΩextΛ,G. 
Proposition 3 will enable us to utilise tools developed for strong approximate
lattices (from e.g. [4, 6, 17]). As a first and immediate consequence of Proposition
3 (and [5, Cor. 2.7]) we have the implications:
strong approximate lattice ⇒ ⋆-approximate lattice ⇒ approximate lattice.
We moreover have a straightforward corollary of a result from [4]:
Corollary 1. Let Λ be a ⋆-approximate lattice in a locally compact second countable
group G and V ⊂ G be any neighbourhood of the identity. Then there is a compact
subset K ⊂ G such that V ΛK = G.
Proof. Apply [4, Cor. 4.22] to the closed subset X0 given by Proposition 3. 
The following additional consequence of Proposition 3 and results from [17] will
be key in our study of irreducibility (see Subsection 3.2).
Corollary 2. Let Λ be a ⋆-approximate lattice in a locally compact second countable
group G. Let H ⊂ G be a closed normal subgroup such that the projection pG/H(Λ)
of Λ to G/H is locally finite. Then pG/H(Λ) and H ∩Λ2 are ⋆-approximate lattices
in G/H and H respectively.
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Proof. The fact that H ∩Λ2 is a ⋆-approximate lattice is a consequence of Proposi-






is well-defined and easily seen to be Borel by Lemma 2 below. One thus readily
checks that the push-forward of any proper G-invariant Borel probability measure
on ΩextΛ,G is a proper G/H-invariant Borel probability measure on Ω
ext
Λ,G/H . 
Lemma 2. Let X be a topological space and let G be a locally compact second
countable group. Let V be a family of open subsets of G such that every open subset
V of G can be written as
⋃
W∈DW for some countable subset D ⊂ V. Finally, let
Φ : X → C(G) be a map. If Φ−1(UV ) is a Borel subset for every V ∈ V, then Φ is
Borel measurable.




UV = {Y ∈ C(G)|Y ∩ V 6= ∅} =
⋃
W∈D




So Φ−1(UV ) =
⋃
W∈D Φ
−1(UW ), and Φ−1(UV ) is a Borel subset. Let K ⊂ G be a
compact subset. Then
UK = {Y ∈ C(G)|Y ∩K = ∅} =
⋃
n≥0
{Y ∈ C(G)|Y ∩KVn = ∅} =
⋃
n≥0
C(G) \ UKVn ,





is a Borel subset. Now, the space C(G) is second countable and its topology is
generated by the subsets of the form UV and UK for open subsets V and compact
subsets K. So Φ is Borel measurable. 
Lemma 2 shows that the Borel structure of C(G) can be generated by the basic
open subsets UV only. We prove next a counterpart of this fact for the basic open
subsets UK .
Lemma 3. Let X be a topological space, let G be a locally compact second countable
group and let Φ : X → C(G) be a map. If Φ−1(UK) is a Borel subset for every
compact subset K ⊂ G, then Φ is Borel measurable.
Proof. Let V ⊂ G be any open subset. Then V is σ-compact since G is second
countable locally compact. So let (Kn)n≥0 be any sequence of compact subsets such
that K0 ⊂ K1 ⊂ . . . and
⋃




so Φ−1(UV ) is Borel. We conclude again that Φ is Borel. 
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2.2. The Periodization Map. Given a locally compact group G and a closed
subgroup H one may use the quotient map I that sends a continuous function




f(gh)dµH(h) to naturally relate the Haar measure on G and the
Haar measure on G/H (see e.g. [23, Section I]). Here as well, we can define a map
called the periodization map, inspired by [4, 24], that will allow us to exploit the
strong connections between measures on the extended hull ΩextX0 and measures on
G.
Definition 5. Let X0 be a closed subset of a locally compact second countable
group G with finite local complexity. Then the periodization map defined by








where C0c (G) is the set of continuous functions on G with compact support and
C0(ΩextX0 ) is the set of continuous functions on Ω
ext
X0
is well-defined, continuous and
left-equivariant.
Our first crucial observation is that the periodization maps show how to relate
the measure of basic open subsets of the Chabauty-Fell topology in the extended
invariant hull with the measure of open and compact subsets of G through a simple
formula:
Lemma 4. Let X0 be a closed subset of a locally compact second countable group G
with finite local complexity and let ν be a Borel probability measure on ΩextX0 . Take
an open subset V ⊂ G and a compact subset K ⊂ G. Then
(PX0)∗ ν(V ) =
∫
ΩextX0





|X ∩K|dν(X) ≤ |K−1K ∩X−10 X0|(1− ν(UK)).
Proof. Choose a sequence of non-negative continuous functions with compact sup-
port (φn)n≥0 that point-wise converges increasingly to 1V . For all integers n ≥ 0














1V (x) = |X ∩ V |.
In addition, the sequence (PX0(φn))n≥0 is increasing. Hence, the map X 7→ |X∩V |
is measurable and, according to the monotone convergence theorem, we have
(PX0)∗ ν(V ) =
∫
ΩextX0
|X ∩ V |dν(X).
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Similarly, choose a sequence of non-negative continuous functions with compact












Finally, the right-hand inequalities follow from the facts that for any X ∈ ΩextX0
and any subset Y ⊂ G we have
|X ∩ Y | ≤ |X−1X ∩ Y −1Y | ≤ |X−10 X0 ∩ Y −1Y |.

This formula is of particular importance when applied to a proper G-invariant
Borel probability measure, as, in this situation, the pull-back by the periodization
map is always a Haar measure (see also [4, 24] for similar facts in other frameworks):
Corollary 3. Let X0 be a subset of a locally compact second countable group G with
finite local complexity and let ν be a proper G-invariant Borel probability measure
on ΩextX0 . Then (PX0)∗ν is a Haar-measure on G.
As a first application of the periodization we show a generalisation of the well-
known fact that groups containing a lattice are unimodular (see also [4] for a version
for strong approximate lattices):
Proposition 4. Let G be a locally compact second countable group and suppose
that G contains a ⋆-approximate lattice Λ. Then G is unimodular.
Proof. Take a proper G-invariant Borel probability measure ν on ΩextΛ and set
µ := (PΛ)∗ν. We know by Corollary 3 that µ is a Haar-measure on G and let ∆G
denote the modular function of G. Choose a neighbourhood of the identity V ⊂ G
such that V −1V ∩ Λ4 = {e}. Then for all λ ∈ Λ we have
∆G(λ)µ(V ) = µ(V λ) = (PΛ)∗ν(V λ) ≤ 1
according to Lemma 4. We thus find ∆G(λ) ≤ µ(V )−1. But ∆G : G → R>0
is a continuous group homomorphism. So ∆G has bounded image according to
Corollary 1. Hence, the modular map ∆G is trivial. 
We prove now a result, used extensively in the rest of the paper, that can be seen
as a version of Rusza’s covering lemma (see e.g. [26]) for ⋆-approximate lattices.
Furthermore, the proof provides a good illustration of the strategy used later on to
prove Proposition 13.
Proposition 5. Let X0 be a closed subset with finite local complexity of a locally
compact second countable group G and let Y be a subset such that X0Y is uniformly
discrete. Suppose that there is a proper G-invariant Borel probability measure on
ΩextX0 . Then Y is contained in finitely many left translates of X
−1
0 X0.
Proof. Let F ⊂ Y be such that the subsets (X0f)f∈F are disjoint. Since X0F ⊂
X0Y there is a neighbourhood V ⊂ G of the identity such that the subsets (X0fv)f∈F,v∈V
are disjoint. Hence,
X−10 X0 ∩ FV V −1F−1 = {e}.
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By Lemma 4 we thus have (PX0)∗ν(V −1F−1) ≤ 1. Since ν is G-invariant the
measure (PX0)∗ν is a left-Haar measure on G by Corollary 3. But G is unimodular
according to Proposition 4 so (PX0)∗ν is also right-invariant. Therefore,
1 ≥ (PX0)∗ν(V −1F−1) = (PX0)∗ν(V −1)|F |
since the subsets (fV )f∈F are disjoint. The subset F is thus finite and according to
Rusza’s covering lemma Y is contained in finitely many left-translates of X−10 X0.

Corollary 4. If Λ1 ⊂ Λ2 are two ⋆-approximate lattices in a locally compact second
countable group G, then Λ1 and Λ2 are commensurable.
Corollary 5. Let X0 be a closed subset of a locally compact second countable group
G such that (X−10 X0)
3 is uniformly discrete. If there is a proper G-invariant Borel
probability measure on ΩextX0 , then X
−1
0 X0 is an approximate subgroup, hence a ⋆-
approximate lattice.
Corollary 5 is striking as it shows that the approximate subgroup assumption is a
natural one when studying the dynamics in the Chabauty-Fell topology of discrete
subsets of a group.
Since ⋆-approximate lattices generalise lattices in locally compact groups, one
would like to think of them as discrete approximate subgroups with finite co-volume.
We achieve this by showing that ⋆-approximate lattices admit a finite volume fun-
damental set of sorts:
Proposition 6. Let Λ be a ⋆-approximate lattice in a locally compact second count-
able group G. Then there is a Borel subset B ⊂ G with finite Haar measure such
that BΛ2 = G and B−1B ∩ Λ2 = {e}.
Proof. Let ν be a proper G-invariant Borel probability measure on ΩΛ and let
µG denote the Haar-measure (PΛ)∗ν. Let V be a compact neighbourhood of the
identity such that V −1V ∩ Λ2 = {e} and let (gn)n≥0 be a sequence of elements
of G such that G =
⋃







−1B ∩ Λ2 = {e} and BΛ2 = G. Now the Haar
measure µG is inner regular so there is a sequence of compact subsets Kn ⊂ B with
supn≥0 µG(Kn) = µG(B). But µG(Kn) ≤ 1 for all integers n ≥ 0 by Lemma 4 so
µG(B) ≤ 1.

In the proof of Theorem 1 we will embed a ⋆-approximate lattice Λ in a certain
specific way in an arithmetic group Γ - thus generating some discrete Zariski-dense
subgroup. It will be key to be able to show that the subgroup generated by Λ has,
in fact, finite index in Γ:
Lemma 5. Let Γ be a discrete subgroup of a product of locally compact second
countable groups G × H. Suppose that Γ projects densely to H and that G is
unimodular. Take a compact neighbourhood of the identity W0 in H and suppose
that there is F ⊂ G with finite Haar-measure such that F · pG (Γ ∩ (G×W0)) = G
where pG : G×H → G is the natural projection. Then Γ is a lattice in G×H.
Proof. We know that for all (g, h) ∈ G×H there is γ1 ∈ Γ such that (g, h)γ−11 ∈ G×
W0. By assumption we now have γ2 ∈ Γ∩(G×W0) such that pG((g, h)γ−11 γ−12 ) ∈ F .
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Γ. But F ×W0W−10 has finite Haar
measure, so Γ is a lattice. 
Corollary 6. Let Γ be a discrete subgroup of a product of locally compact second
countable groups G × H. Suppose that Γ projects densely to H and injectively
to G. Take a compact neighbourhood of the identity W0 in H and suppose that
pG (Γ ∩ (G×W0)) contains a ⋆-approximate lattice. Then Γ is a lattice in G×H.
Proof. Proposition 4 shows that G is unimodular and Proposition 6 proves that
there exists F ⊂ G as in Lemma 5. The subgroup Γ is therefore a lattice by
Lemma 5. 
Remark 1. Lemma 5 is also discussed in more details in [17] along with several
questions around this topic.
3. Cut-and-Project and Irreducibility
3.1. Cut-and-Project Map. In [6], Björklund and Hartnick proved that cut-and-
project schemes give rise to strong approximate lattices - the so-called model sets.
We show here that one can also define a natural notion of cut-and-project for any
closed subset X0 of a product of group G×H , and that the extended invariant hulls
of the subsets we obtain through the cut-and-project construction are naturally G-
equivariant factors of ΩextX0,G×H .
Definition 6. Let X0 be a closed subset of a product G ×H of locally compact
second countable groups and let W0 be a compact neighbourhood of the identity




X 7−→ pG(X ∩ (G×W0))
where pG : G×H → G is the natural map.
Proposition 7. With X0, G,H,W0 as in Definition 6. Then:
(1) the cut-and-project map ΦX0,W0 is well-defined;













(3) the cut-and-project map is G-equivariant Borel measurable.
Proof. Since proper maps are closed, statement (1) holds. Statement (2) is straight-
forward. Let us prove (3). Note that G-equivariance is easily checked. In addition,
(ΦX0,W0)
−1
(UK) = {X ∈ ΩextX0 |pG (X ∩ (G×W0)) ∩K = ∅}
= {X ∈ ΩextX0 |X ∩ (K ×W0) = ∅}
= UK×W0
for any compact subset K ⊂ G. So (ΦX0,W0)−1 (UK) is Borel and ΦX0,W0 is Borel
measurable according to Lemma 3. 
Just as with lattices (see [4]), when X0 is a ⋆-approximate lattice its cut-and-
projects also are ⋆-approximate lattices. We will use that fact later to deduce
Theorem 1 from Theorem 4 i.e. its version for simple algebraic groups.
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Proposition 8. Let Λ be a ⋆-approximate lattice in a product of locally compact
second countable groups G × H. Take a symmetric compact neighbourhood of the
identity W0 ⊂ H. Then pG(Λ2 ∩ (G×W0)) is a ⋆-approximate lattice in G.
Proof. First of all, the subset ΛW0 := pG(Λ
2 ∩ (G×W0)) is an approximate sub-
group by e.g. [17, Lem. 2.3]. Since Λ2 is locally finite we have in addition that
ΛW0 is locally finite, hence uniformly discrete. Moreover, according to Proposi-
tion 7 the cut-and-project map ΦΛ,W0 takes values in Ω
ext
ΛW0 ,G
. Let ν be a proper
G×H-invariant Borel probability measure on ΩextΛ,G×H . Then νW0 := (ΦΛ,W0)∗ ν is
a G-invariant Borel probability measure. If we denote the interior ofW0 by int(W0),
we have
Φ−1Λ,W0({∅}) ⊂ {X ∈ Ω
ext
Λ |X ∩G× int(W0) = ∅}.
Since int(W0) is not empty the open set U
G×int(W0) satisfies
(G×H) · UG×int(W0) = UG×H = ΩextΛ .




νW0 (B \ {∅})
is a proper G-invariant Borel probability measure on ΩextΛW0
. 
3.2. Irreducible ⋆-Approximate Lattices. We identify now a notion of irre-
ducibility for ⋆-approximate lattices that extends the usual one for lattices in prod-
ucts (see e.g. [19, II.6.5]). We start our study with the following general setting:
let A be a finite set and (Gα)α∈A be a family of locally compact second countable
groups. For any subset B ⊂ A let GB denote
∏
α∈B Gα and let pB : GA → GB
be the natural projection. Moreover, for any α ∈ A set pα := p{α}. Note that we
identify the quotient group GB with the subgroup GB × {e}.
Definition 7. Let Λ be a ⋆-approximate lattice in GA. We say that Λ is irreducible
if there are no non-empty proper subset B ⊂ A and ⋆-approximate lattices ΛB and
ΛA\B in GB and GA\B respectively such that ΛB×ΛA\B is a ⋆-approximate lattice
in GB ×GA\B = GA commensurable to Λ.
Note that the Cartesian product of two ⋆-approximate lattices is always a ⋆-
approximate lattice as the following shows:
Lemma 6. Let G and H be two locally compact second countable groups. Let
Λ1 ⊂ G and Λ2 ⊂ H be ⋆-approximate lattices. Then Λ1 × Λ2 is a ⋆-approximate
lattice in G×H.
Proof. First of all, the subset Λ1×Λ2 is a uniformly discrete approximate subgroup
of G×H . Moreover, since Λ1 and Λ2 are ⋆-approximate lattices, there are proper
Borel probability measures ν1 and ν2 defined on Ω
ext
Λ1,G
and ΩextΛ2,H respectively, that
are G-invariant and H-invariant respectively. Define
Φ : ΩextΛ1,G × ΩextΛ2,H −→ ΩextΛ1×Λ2,G×H
(X1, X2) 7−→ X1 ×X2.
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The map Φ is G × H-equivariant with respect to the natural G × H-action on
ΩextΛ1,G × ΩextΛ2,H . Moreover, for any open subsets U1 ⊂ G and U2 ⊂ H we have
Φ−1(UU1×U2) = UU1 × UU2 so Φ is Borel measurable by Lemma 2. Also,
Φ−1({∅}) = ΩextΛ1,G × {∅} ∪ {∅} × ΩextΛ2,H ,
so Φ∗ (ν1 × ν2) ({∅}) = 0. Therefore, the push-forward measure Φ∗ (ν1 × ν2) is a
proper G×H-invariant Borel probability measure on ΩextΛ1×Λ2,G×H . 
A quick induction now proves the existence of (at least one) decomposition into
irreducible pieces:
Corollary 7. Let Λ be a ⋆-approximate lattice in GA. There are a partition
{B1, . . . , Br} of A and irreducible ⋆-approximate lattices Λ1 ⊂ GB1 , . . . ,Λr ⊂ GBr
such that Λ is commensurable to the ⋆-approximate lattice Λ1 × · · · × Λr.
We turn now more specifically to ⋆-approximate lattices in semi-simple groups.
Namely, from now on let (kα)α∈A be a family of local fields, let (Gα)α∈A be a family
of connected almost kα-simple algebraic kα-groups and suppose that Gα = Gα(kα)
for all α ∈ A. In this situation, irreducible ⋆-approximate lattices behave very much
like irreducible lattices (see [19, II.6.7] for comparison).
Proposition 9. Let Λ be a ⋆-approximate lattice in GA. Suppose moreover that
for all α ∈ A the group Gα is not compact. The following are equivalent:
(1) the approximate subgroup pB(Λ) is locally finite;
(2) the approximate subgroup pA\B(Λ) is locally finite;
(3) the approximate subgroup GB ∩ Λ2 is a ⋆-approximate lattice;
(4) the approximate subgroup GA\B ∩ Λ2 is a ⋆-approximate lattice;
(5) the approximate subgroup pB(Λ) is a ⋆-approximate lattice;
(6) the approximate subgroup pA\B(Λ) is a ⋆-approximate lattice;
(7) there is λ ∈ GB ∩ Λ2 such that pα(λ) is not central in Gα for any α ∈ B;








is a ⋆-approximate lattice in GA com-
mensurable to Λ.
Proof. (1) ⇒ (4), (1) ⇔ (5), (2) ⇒ (3) and (2) ⇔ (6) are Corollary 2.
Suppose now (3). Let (Wn)n≥0 be an exhaustion of GA\B by symmetric compact
neighbourhoods of the identity. Set Xn := pB(Λ
2 ∩ Wn × GB) for all integers
n ≥ 0. According to Proposition 8 the set Xn is a ⋆-approximate lattice that
contains Λ2 ∩ GB. But according to Proposition 5 the ⋆-approximate lattice Xn
is commensurable to Λ2 ∩ GB. So there is F ⊂ Λ4 ∩ (Wn ×GB) finite such that




. As a consequence,
Λ2 ∩Wn ×GB ⊂
(


















Thus, the approximate subgroup pA\B(Λ) is locally finite. So (3) ⇒ (2) is proved.
One can prove (4) ⇒ (1) in a similar fashion.
So (1) ⇔ (4) ⇔ (5). Similarly, (2) ⇔ (3) ⇔ (6).
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Let us prove (3) ⇒ (7). According to Corollary 1 there are two compact subsets
K,L ⊂ GB such that K(Λ2 ∩ GB)L = GB . Let Zα denote the centre of Gα for
α ∈ B. We know that Zα is compact. Since Gα is non-compact for all α ∈ B
there is g ∈ GB with pα(g) /∈ pα(K)Zαpα(L) for all α ∈ B. Take λ ∈ Λ such that
g ∈ KλL. Then for all α ∈ B we have pα(λ) /∈ Zα . This proves (7). We prove (4)
⇒ (8) similarly.
Now suppose (7) and let us show that (1) holds. Choose λ ∈ Λ2 ∩ GB as in
(7). For all g ∈ GB let cg : GB → GB denote the conjugation by g. Then for
all γ ∈ pB(Λ2) we know that cγ(Λ2 ∩ GB) ⊂ Λ6 ∩ GB. Since Λ6 ∩ GB is discrete
there is a neighbourhood V of the identity in GB such that if γ ∈ pB(Λ2) ∩ V ,
then cγ(λ) = λ. In particular, we have pB(Λ
2) ∩ V ⊂ ∏α∈B Cα(pα(λ)) where
Cα(pα(λ)) is the centraliser of pα(λ) in Gα. Now, set λ0 = e and build inductively










is not normalised by Λ∞, take λk+1 ∈ Λ∞ \ NGA(Hk) where NGA(Hk) is the
normaliser of Hk. Since all Gα’s are Noetherian topological spaces with respect
to the Zariski-topology, the above induction terminates in a finite number, r say,
of steps. By assumption we have Cα(pα(λ)) ( Gα for all α ∈ B. But Λ has
property (S) according to [17, Prop. 6.4] and so pα(Hr) is central in Gα by















is commensurable to pB(Λ
2)∩V , so pB(Λ2)∩V
is finite. Therefore, the approximate subgroup pB(Λ) is uniformly discrete. So (7)
implies (1) and similarly (8) implies (2).
We have now proved (1) ⇔ (2) ⇔ (3) ⇔ (4) ⇔ (5) ⇔ (6) ⇔ (7) ⇔ (8).
Finally, we clearly have (9) ⇒ (1). Conversely, since (1) implies (3) and (4) we
know that ΛB := Λ
2 ∩ GB and ΛA\B := Λ2 ∩ GA\B are ⋆-approximate lattices.
So ΛA × ΛA\B is a ⋆-approximate lattice contained in Λ4 according to Lemma 6.
Furthermore, the ⋆-approximate lattices ΛA × ΛA\B and Λ are commensurable by
Corollary 4. 
Remark 2. Note that (1) ⇔ (4) ⇔ (5) and (2) ⇔ (3) ⇔ (6) hold even when the
factors Gα are allowed to be compact.
We get as a corollary that the decomposition into irreducible pieces (Corollary
7) is unique.
Proposition 10. Let Λ be a ⋆-approximate lattice in GA. Suppose moreover that
for all α ∈ A the group Gα is not compact. Then there is a unique partition
{B1, . . . , Br} of A such that for all integers 1 ≤ i ≤ r the approximate subgroup








is a ⋆-approximate lattice in GA commensurable to Λ.
Proof. Let {B1, . . . , Br} and Λ1, . . . ,Λr be as in Corollary 7. Let us prove the
uniqueness of such a partition. Let {B′1, . . . , B′s} be such that Λ′1, . . . ,Λ′s are irre-





mensurable to Λ. Then for all i ∈ {1, . . . , r} and j ∈ {1, . . . , s} we know that
pA\Bi(Λ) and pA\B′j (Λ) are locally finite. But the map pA\Bi × pA\B′j factors
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through pA\(Bi∩B′j)
. So pA\(Bi∩B′j)
(Λ) is locally finite. In particular, we have
that pBi\(Bi∩B′j)
(Λi) and pB′j\(Bi∩B′j)
(Λ′j) are both locally finite. By Proposition
9 and since Λi and Λ
′
j are irreducible we have Bi = B
′
j or Bi ∩ B′j = ∅. So
{B′1, . . . , B′s} = {B1, . . . , Br}.
Now, we have that pA\Bi(Λ) is uniformly discrete for all i ∈ {1, . . . , r}. So
Λ2 ∩ GBi is a ⋆-approximate lattice in GBi . By Lemma 6 we thus find that
∏
1≤i≤r Λ




is commensurable to Λ according to Proposition 5. Finally, the ⋆-approximate lat-
tices Λ2 ∩ GBi are indeed irreducible because of the uniqueness of the partition
{B1, . . . , Br}. 
We then move on to a specificity of ⋆-approximate lattices. Even when dealing
with irreducible approximate lattices in a semi-simple algebraic group, one can
find a somewhat satisfying decomposition into a product of a finite number of ⋆-
approximate lattices in simple factors (or at least approximate subgroups that will
project onto ⋆-approximate lattices to the relevant simple factor).
Proposition 11. Let Λ be a ⋆-approximate lattice in GA and suppose that the local
fields (kα)α∈A have characteristic 0. Then for all α ∈ A there is a neighbourhood
Wα of the identity in GA\{α} such that Λ ⊂ (Λα1 · · ·Λαr ) (Λα1 · · ·Λαr)−1 where
Λα = Λ
12r ∩Gα ×Wα for all α ∈ A and (αi)1≤i≤r is an enumeration of A.
Proof. We prove Proposition 11 by induction on r = |A|. It suffices to consider the
case of irreducible ⋆-approximate lattices according to Proposition 10. When r = 1
the result is immediate. The proof of the induction step will follow from:
Claim 1. Let Λ be a ⋆-approximate lattice in a product of two locally compact
groups G × H. Suppose in addition that the projection of Λ to G is dense in an
open subset. Then there are symmetric compact neighbourhoods of the identity
U ⊂ G and V ⊂ H such that
Λ ⊂
(
Λ12 ∩ (G× V )
) (
Λ12 ∩ (U ×H)
) (
Λ12 ∩ (G× V )
)−1
.
Let us first show how to deduce Proposition 11 from Claim 1. Take α ∈ A
and let Wα ⊂ GA\{α} and Vα ⊂ Gα be given by Claim 1 with respect to Λ and
GA = Gα × GA\{α}. Since Λ is irreducible, the approximate subgroup pα(Λ) is
not locally finite. In particular, the (real or p-adic) Lie algebra h of pα(Λ2) given
by the closed-approximate-subgroup theorem [17, Th. 1.4] is non-trivial. More-
over, we know that h is invariant under Ad(pα(Λ
∞)). But Λ∞ has property (S)
according to [17, Prop. 6.4], so h is equal to the Lie algebra of Gα according
to [19, Cor. 4.4]. Thus, the approximate subgroup pα(Λ2) contains a neigh-
bourhood of the identity according to [17, Th. 1.4]. According to Proposition





) is a ⋆-approximate lattice in
GA\{α}. So according to the induction hypothesis there are symmetric compact
neighbourhoods Wβ ⊂
∏
δ∈A\{α,β}Gδ of the identity for all β ∈ A \ {α} such that
ΛA\{α} ⊂
(
Λ′β1 · · ·Λ′βr−1
)(
Λ′β1 · · ·Λ′βr−1
)−1
where Λ′β := Λ
12r−1
A\{α} ∩ (Gβ ×Wβ) and
(βi)1≤i≤r−1 is an enumeration of A \ {α}. Define now (αi)1≤i≤r by α1 := α and
αi+1 = βi for all integers 1 ≤ i ≤ r − 1, define also (W̃α)α∈A by W̃α1 = Wα and
W̃β = Vα×Wβ ⊂ GA\{β} for all β ∈ A\{α}. We know that ker(pA\{α})∩Λ∞ = {e}
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by Proposition 9, so
Λ ⊂
(






Λ12 ∩ (Gα ×Wα)
)−1
⊂ (Λα1 · · ·Λαr ) (Λα1 · · ·Λαr)−1





for all α ∈ A.
It remains to prove Claim 1. Let pG : G×H → G denote the natural map. Then
pG(Λ2) contains a symmetric relatively compact neighbourhood of the identity V
in G. Take U a symmetric compact neighbourhood of the identity in H . According
to Proposition 8 the subset ΛG := pG(Λ
2 ∩G×U) is a ⋆-approximate lattice in G.
In particular, there exists F0 ⊂ Λ3G ⊂ pG(Λ6) finite such that Λ2G ⊂ F0ΛG. We will
now show and use a slightly finer version of Corollary 1. Choose a symmetric open
neighbourhood of the identity W ⊂ G contained in V such that W−1W ∩Λ2G = {e}
and take F ⊂ pG(Λ) maximal such that the subsets (fwΛG)f∈F,w∈W are disjoint.
Moreover, by assumption we know that F is not empty and that W−1F−1FW ∩
Λ2G = {e}. According to Rusza’s covering lemma we have pG(Λ) ⊂ FWΛ2GW and
by Lemma 4 we have µG(FW ) ≤ 1 where µG denotes a Haar-measure on G. But
the subsets (fW )f∈F are disjoint so |F | ≤ µG(W )−1 <∞. Take now λ ∈ Λ. Since
pG(Λ
2) ∩W is dense in W we can find f ∈ F , λW ∈ pG(Λ2) ∩W , f0 ∈ F0 and






−1pG(λ) ∈W ∩ pG(Λ12). Hence,
Λ ⊂
(
Λ9 ∩ (FWF0 ×H)
) (
Λ2 ∩ (G× U)
) (




Remark 3. A more careful analysis would show that one can replace the exponent
12r in the statement of Proposition 11 by 13.
4. Cocycles and ⋆-Approximate Lattices
4.1. Cocycles Associated to Sections of Extended Hulls. We will now define
certain cocycles that will mimic properties of cocycles on transitive spaces as studied
by Mackey [18] and Zimmer [28]. A classical route to build cocycles consists in using
sections (see for instance [18, 28], or [3] for a framework closer to ours). We start
by defining a suitable notion of sections of the set C(G).
Definition 8. Let G be a locally compact group and B be a Borel subset of C(G).
A Borel section of B is a Borel map s : B → G such that for any X ∈ B we have
s(X) ∈ X .
Precisely, the cocycles we are interested in are:
Lemma 7. Let X0 be a uniformly discrete subset of a locally compact group G. Let
s : ΩextX0 \ {∅} → G be a Borel section. Then the map
αs : G× (ΩextX0 \ {∅}) −→ G
(g,X) 7−→ s(gX)−1gs(X)
is a strict Borel cocycle that takes values in X−10 X0.
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Proof. The map αs is Borel since s is Borel. For all g, h ∈ G and X ∈ ΩextX0 \ {∅}
we have
αs(g, hX)αs(h,X) = s(ghX)
−1gs(hX)s(hX)−1hs(X) = s(ghX)−1ghs(X) = αs(gh,X).
So αs is a strict cocycle. Moreover, we have
αs(g,X) = s(gX)
−1gs(X) ∈ (gX)−1gX ⊂ X−1X ⊂ X−10 X0.

It remains only to prove the existence Borel sections of extended invariant hulls.
Proposition 12. Let X0 be a uniformly discrete subset of a locally compact second
countable group G. Then there is a Borel section s : ΩextX0 \ {∅} → G.
Proof. Since X0 is uniformly discrete there is an open neighbourhood V of the
identity in G such that X−10 X0∩V −1V = {e}. Thus, we have |X ∩gV | ≤ 1 for any
X ∈ ΩextX0 and any g ∈ G. If X ∈ UgV , then define sg(X) as the unique element of
the subset X ∩ gV . The maps sg : UgV → G are well-defined. Moreover, if W ⊂ G
is any open subset, then s−1g (W ) = U
gV ∩W . So the maps sg are continuous. Take
a sequence (gi)i≥0 such that
⋃
i≥0 giV = G. Then
⋃
i≥0 U
giV = ΩextX0 \ {∅}. Now







for all integers i ≥ 0 and s : ΩextX0 \ {∅} → G as
the unique map such that s|Bi = (sgi)|Bi . Since the subsets Bi are Borel and the
maps sg are continuous, the map s is Borel. Moreover, for all X ∈ ΩextX0 \ {∅} we
indeed have s(X) ∈ X . 
4.2. A Reduction Lemma. Before we move on with our study of the cocycles
defined in the previous section, we make an elementary observation about the range
of Borel maps that satisfy some functional equation with respect to a cocycle. To
this end we first recall a well known fact about ergodicity and dense subgroups:
Lemma 8. Let G be a locally compact group, D ⊂ G be a dense subgroup and X be
a compact G-space. If ν is an ergodic G-invariant Borel probability measure, then
the D-action on (X, ν) is also ergodic.
We now prove the fact that will be used as the starting point of the proof of
Proposition 13 in Subsection 4.3.
Lemma 9. Let G and H be two locally compact second countable groups. Let X be
a compact metric G-space and ν be a G-invariant ergodic Borel probability measure
on X. Let α : G ×X → H be a Borel cocycle that take values in a subset A ⊂ H
and let B ⊂ H be another subset. Suppose that there is a Borel map φ : X → H
such that for all g ∈ G and ν-almost every x ∈ X we have
φ(gx) = α(g, x)φ(x)B.
Then there is h ∈ H such that for every neighbourhood of the identity V in H we
have
ν − a.e. x ∈ X,φ(x) ∈ AV hB−1.
Proof. Consider the measure φ∗ν. It is a Borel probability measure on the locally
compact second countable group H . So φ∗ν has a well-defined non-trivial support
S ⊂ H and we can choose h ∈ S. Then for any open neighbourhood V of e we have
φ∗ν(V h) = ν(φ
−1(V h)) > 0.
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So for all g ∈ G and ν-almost every x ∈ φ−1(V h) we have
φ(gx) ∈ AV hB−1.
But for any countable dense subgroup D of G there is Y ⊂ φ−1(V h) with ν(Y ) =
ν(φ−1(V h)) > 0 such that for all x ∈ Y and all d ∈ D we have φ(dx) ∈ AV hB−1.




. And we know that ν(DY ) = 1 by Lemma 8. 
Likewise, we prove a result for cocycles taking values in unitary groups that will
be at the heart of our investigation of property (T) for ⋆-approximate lattices.
Lemma 10. Let G be a locally compact group that acts continuously on a compact
metric space and let ν be a G-invariant ergodic Borel probability measure on X. Let
H be a separable Hilbert space and let α : X × G → U(H) be a Borel cocycle with
target the unitary group of H. Suppose that there exists a Borel map φ : X → H
such that for all g ∈ G and ν-almost every x ∈ X we have
φ(gx) = α(g, x)φ(x).
Then there is ξ ∈ H such that for every ǫ > 0 we have
ν − a.e. x ∈ X,φ(x) ∈ A(B(ξ, ǫ))
where B(ξ, ǫ) denotes the ball of centre ξ and radius ǫ.
Proof. Consider the measure φ∗ν. It is a Borel probability measure on the separable
Hilbert space H whose (strong) topology is second countable. So φ∗ν has a well-
defined non-trivial support S ⊂ H and we can choose ξ ∈ S. Then for any ǫ > 0
we have ν(φ−1(B(ξ, ǫ))) > 0. For all g ∈ G and ν-almost every x ∈ φ−1(B(ξ, ǫ))
we have
φ(gx) = α(g, x)φ(x) ∈ A(B(ξ, ǫ)).
And we conclude as above. 
4.3. Range of Cocycles and Compact Cocycles. Throughout this section we
fix a ⋆-approximate lattice Λ in a locally compact group G and a proper G-invariant
ergodic Borel probability measure ν0 on Ω
ext
Λ . Let s : Ω
ext
Λ \ {∅} → G be a Borel
section given by Proposition 12 and let αs : G×ΩextΛ \ {∅} → G be the strict Borel
cocycle associated to s (Lemma 7). Since ν0({∅}) = 0 the cocycle αs gives rise to
a Borel cocycle, that we denote by αs as well, over (Ω
ext
Λ , ν0). Finally, we fix an
abstract group homomorphism T : Λ∞ → H with target a locally compact second
countable group. Our goal is to prove the following result linking the set T (Λ) to
the range of the cocycle T ◦ αs.
Proposition 13. Suppose that the Borel cocycle T ◦αs is cohomologous to a cocycle
that takes values in a subset L ⊂ H. Then there is h0 ∈ H such that for every
neighbourhood of the identity V in H there is a compact subset K ⊂ H with
T (Λ) ⊂ V h0(L−1L)2h−10 K.
The proof reduces to two steps. First, we build a cocycle α′ cohomologous to αs,
taking values in some power of Λ (here Λ6) but such that T ◦ α′ still takes values
in some thickening of L−1L.
Lemma 11. There is h0 ∈ H such that for every neighbourhood of the identity
V ⊂ H we can find Borel maps f : ΩextΛ → G and h : ΩextΛ → H defined ν0-almost
everywhere such that for all g ∈ G and ν0-almost every X ∈ ΩextΛ we have
αf (g,X) := f(gX)
−1gf(X) ∈ Λ6 and T (αf(g,X)) ∈ V hL−1Lh(X)−1.
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Proof. First of all, note that αs takes values in Λ
2 by Lemma 7 and that the subset
Λ2 is countable. So T ◦αs is a well-defined Borel cocycle that takes values in T (Λ2).
Choose a measurable map φ : ΩextΛ → H such that for all g ∈ G and ν0-almost every
X ∈ ΩextΛ we have
T ◦ αs(g,X) = φ(gX)β(g,X)φ(X)−1.
By Lemma 9 there is h0 ∈ H such that for every neighbourhood V of the identity
in H and ν0-almost every X ∈ ΩextΛ we have
φ(X) ∈ T (Λ2)V h0L−1.
Consider an enumeration (λn)n≥0 of Λ
2 and define
pV : T (Λ
2)V hL−1 −→ Λ2
g 7−→ λmin{n∈N|g∈T (λn)V h0L−1}.
Since p−1V ({λ0, . . . , λn}) =
⋃
0≤i≤n T (λn)V h0L
−1 the map pV is Borel measurable.
We can thus define the map h : ΩextΛ → V h0L−1 for ν0-almost every X ∈ ΩextΛ by
φ(X) = T (pV (φ(X)))h(X). We have for all g ∈ G and ν0-almost every X ∈ ΩextΛ ,
T ◦ αs(g,X) = T (pV (φ(gX))) h(gX)β(g,X)h(X)−1T (pV (φ(X))−1).
So
T (f(gX)−1gf(X)) = h(gX)β(g,X)h(X)−1,
where f is defined for ν0-almost every X ∈ ΩextΛ by f(X) := s(X)pV (φ(X))−1.
Then one checks that f and h work. 
We then show that the range of such a cocycle αf must be large in some power
of Λ, thus proving that the set of elements λ ∈ Λ such that T (λ) belongs to some
thickening of L−1L is large. However, the range of αf as defined by the map
ΩextΛ,G → C(G) given by X 7→ {αf (g,X)|g ∈ G} might not be well-behaved (e.g.
non-Borel) so we proceed more carefully.
Proposition 14. Let f : ΩextΛ,G → G be a Borel measurable map and let αf :
G × ΩextΛ,G → G denote the cocycle defined by αf (g,X) = f(gX)−1gf(X) for all
g ∈ G and ν0-almost all x ∈ ΩextΛ,G. Suppose that ∆ : ΩextΛ,G → C(G) is a Borel
measurable map defined ν0-almost everywhere such that :
(1) αf takes values in Λ
n for some integer n ≥ 0;
(2) for all g ∈ G and ν0-almost all X ∈ ΩextΛ,G we have αf (g,X) ∈ ∆(X).





where we set ∆(X)∆(X)−1 = ∅ when ∆(X) is not defined.
We will also make an independent use of this proposition in our study of property
(T).
Proof. We first show that we can suppose that ∆ takes values in ΩextΛn,G. The map
∆′ : ΩextΛ,G → C(G) defined by X → ∆(X)∩Λn satisfies (∆′)−1(UK) = ∆−1(Λn∩K)
for all compact subsets K ⊂ G. So ∆′ is Borel by Lemma 3. Since in addition
αf (g,X) ∈ ∆(X)∩Λn for all g ∈ G and ν0-almost all X ∈ ΩextΛ,G we get the desired
result. So suppose from now on that ∆ takes values in ΩextΛn,G.
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Let Φ : ΩextΛ −→ ΩextΛn be the map defined by X 7−→ f(X)∆(X)−1. We know
that Φ is Borel and well-defined ν0-almost everywhere since both f and ∆ are. The
crux of the proof is to deduce a simple equation involving f , ∆ (or equivalently Φ)
and intertwining the G-actions on ΩextΛ,G and Ω
ext
Λn,G. But we know that for all g ∈ G
and ν0-almost all X ∈ ΩextΛ,G we have
αf (g,X) ∈ ∆(X).
So we obtain
(∗) f(gX) ∈ gf(X)∆(X)−1 = gΦ(X).
We will now use (∗) to show the existence of a real number ǫ > 0 such that
(PΛn)∗ (Φ∗ν0) ≥ ǫµG where µG is a Haar-measure on G (fixed from now on) and
PΛn denotes the periodization map introduced in Definition 5. So let ν1 denote the



























1W (f(X))dν0(X) = f∗ν0(W ).
where the second-to-last line is implied by (∗) and the last one is obtained by G-
invariance of ν0. Since gU
W = UgW , the above inequalities imply that for all h ∈ G
and all open subsets W ⊂ G we have ν1(UW ) ≥ µ0(hW ) where µ0 := f∗ν0. Define
µ1 := (PΛn)∗ν1 where PΛn is the periodization map. Since Λn is uniformly discrete
there is an open neighbourhood of the identity W ⊂ G such that W−1W ∩ Λ2n =
{e}. By Lemma 4 for all g, h ∈ G we have
µ1(gW ) = ν1(U
gW ) ≥ µ0(hW ).
Furthermore, given any Borel probability measure µ on G we have



















Now take µ that has density a continuous compactly supported function δ : G→ R
with respect to µG on G. We know that µ∗µ0 is absolutely continuous with respect
to µG and that µ ∗ µ ∗ µ0 is a Borel probability measure on G that has continuous
density, ρ say, with respect to µG. Since ρ is a non-trivial non-negative continuous
function we can find h ∈ G, a neighbourhood of the identity W ′ ⊂ W and a real
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number ǫ > 0 such that f|hW ′ ≥ ǫ > 0. Hence, for all g ∈ G and all Borel subsets
B ⊂ gW ′ we have
µ1(B) ≥ µ ∗ µ ∗ µ0(hg−1B) ≥ ǫµG(hg−1B) = ǫµG(B).
But G is second countable so we can find a a sequence (gi)i≥0 of elements of G
and a countable Borel partition (Wi)i≥0 of G such that Wi ⊂ giW ′ for all integers




µ1 (B ∩Wi) ≥ ǫ
∑
i≥0
µG (B ∩Wi) = ǫµG(B).
We will now prove Proposition 14 as a consequence of a version of Rusza’s covering
lemma. Let B ⊂ ΩextΛ be a co-null Borel subset such that Φ is well-defined for
every X ∈ B. Let F ⊂ Λ be such that for every X ∈ B the subsets (Φ(X)f)f∈F
are pairwise disjoint. Choose moreover a symmetric neighbourhood of the identity





W−1W ∩ F−1Φ(X)−1Φ(X)F = {e}.
Therefore,
FW−1WF−1 ∩ Φ(X)−1Φ(X) = FF−1 ∩ Φ(X)−1Φ(X).
But the subsets (Φ(X)f)f∈F are pairwise disjoint so
FW−1WF−1 ∩ Φ(X)−1Φ(X) = {e}.






But G is unimodular and F−1 ⊂ Λ ⊂ Λn+1, so
1 ≥ ǫµG(WF−1) =
∑
f∈F
ǫµ(Wf−1) = ǫ |F |µG(W ).
We thus have
|F | ≤ 1
ǫµG(W )
<∞.
So take one such F maximal for the inclusion. The subset F is finite and for all λ ∈
Λ there are f ∈ F andX ∈ B such that Φ(X)λ∩Φ(X)f 6= ∅ i.e. λ ∈ Φ(X)−1Φ(X)f .
But Φ(X) = f(X)∆(X)−1 so we have the inclusion λ ∈ ∆(X)∆(X)−1F . 
Proof of Proposition 13. Let h0, f and h be as in Lemma 11 and define the map
∆ : ΩextΛ −→ ΩextΛ6
X 7−→ Λ6 ∩ T−1(V h0L−1Lh(X))
which is well-defined ν0-almost everywhere and such that for all g ∈ G and ν0-
almost every X ∈ ΩextΛ we have
f(gX)−1gf(X) ∈ ∆(X).
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= {X ∈ ΩextΛ |∆(X) ∩W 6= ∅}










So ∆ is Borel measurable according to Lemma 2. We may now conclude the proof
of Proposition 13. Indeed, by Proposition 14 we have F ⊂ Λ finite


















⊂ V h0(L−1L)2h−10 V −1T (F ).

Corollary 8. Suppose that the Borel cocycle T ◦ αs is cohomologous to a cocycle
that takes values in a compact subgroup L ⊂ H. Then T (Λ) is a relatively compact
subset of H.
Proof. Take a compact neighbourhood of the identity V ⊂ H . There are h0 ∈ H
andK ⊂ H given by Proposition 13 such that T (Λ) ⊂ V h0Lh−10 K. But V h0Lh−10 K
is compact. 
4.4. Constant Cocycles. We end this section with an application of Proposition
13. Along with Corollary 8 these will enable us to use the strength of Zimmer’s
cocycle superrigidity.
Let Λ, G,H, T and s be as in Subsection 4.3. Assume that the cocycle T ◦ αs
is cohomologous to a constant cocycle associated to a continuous group homomor-
phism π : G→ H . We start by showing that in general a conjugate of π extends T
modulo a two-sided error.
Proposition 15. There is h ∈ H such that for all n ∈ N and for all neighbourhoods
of the identity V ⊂ G×H there exists a compact set KV ⊂ G×H with
∀λ ∈ Λn, T (λ) ∈ V πh(λ)KV
where πh(g) := hπ(g)h−1.
Proof. Let us first prove the case n = 1. Let i : Λ∞ → G denote the inclusion map
and consider the diagonal map i × T : Λ∞ → G ×H . The cocycle (i × T ) ◦ αs :
G × ΩextΛ → G × H is cohomologous to the constant cocycle associated to the
continuous group homomorphism id×π : G → G ×H . By Proposition 13 there is
(g, h) ∈ G ×H such that for all neighbourhoods of the identity V ⊂ G ×H there
is a compact subset K ⊂ G×H such that
i× T (Λ) ⊂ V (g, h)Γπ(g−1, h−1)K = V Γπhπ(g)−1K.
So a quick computation shows that for all neighbourhoods of the identity W ⊂ H
there is a compact subset KW ⊂ H such that for all λ ∈ Λ we have
T (λ) ∈Wπhπ(g)−1(λ)KW .
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The case n > 1 follows readily noticing that there is a finite subset F ⊂ Λ∞ such
that Λn ⊂ ΛF . 
Following [19, Def. V.3.5] we will say that a continuous group homomorphism
π : G → H almost extends T if T (γ)π(γ)−1 is centralised by π(G) for all γ ∈ Λ∞.
When H is abelian the error term from Proposition 15 becomes simpler. So we find
that πh almost extends T and the error term is bounded on Λ (in the spirit of the
extension results from [21] and [16]). To deal with the non-commutative case we
first draw another formula from Proposition 15:
Corollary 9. With h given by Proposition 15. Choose γ ∈ Λ∞ and let δ(γ) :=
T (γ)−1πh(γ) then for all neighbourhoods of the identity V ⊂ H there is a compact
subset K such that
∀g ∈ G, δ(γ)πh(g) ∈ V πh(g)K.
Proof. Take λ ∈ Λ. By Proposition 15 we know that for all neighbourhoods of the
identity W ⊂ H there is a compact subset KW ⊂ H such that
πh(γλ) ∈ W−1T (γλ)K−1W ⊂W−1T (γ)Wπh(λ)KWK−1W .
So for all neighbourhoods of the identityW ′ ⊂ H there is a compact subsetK ′ ⊂ H
such that for all λ ∈ Λ we have
δ(γ)πh(λ) ∈ W ′πh(λ)K ′.
One can now deduce Corollary 9 from Corollary 1. 
When H acts on a CAT(0) space (see e.g. [9]) this gives strong information on
the action of the error term δ(γ) on the visual boundary:
Proposition 16. Let X be a complete CAT(0) space and suppose that H acts
continuously by isometries on X. Take x0 ∈ X and let Y be the closure of πh(G)·x0
in X∪∂X equipped with the cone topology. Then δ(γ) stabilises Y ∩∂X point-wise.
Proof. Take ξ ∈ Y ∩ ∂X and let (gn)n≥0 be a sequence of elements of G such that
πh(gn) · x0 → ξ as n goes to ∞. Choose a compact neighbourhood of the identity
V ⊂ H and a compact subset K ⊂ H given by Corollary 9. For all n ≥ 0 we
can find vn ∈ V and kn ∈ H such that δ(γ)πh(gn) = vnπh(gn)kn. Note that upon
considering subsequences we can assume that vn → v ∈ V . We now have
dX(δ(γ)π
h(gn) · x0, vnπh(gn) · x0) = d(x0, kn · x0)
where dX denotes the distance on X . But π
h(gn) · x0 → ξ ∈ ∂X and kn ∈ K
compact so δ(γ) · ξ = v · ξ. As this holds true for any V we find δ(γ) · ξ = ξ.

Applying the above Proposition 16 to symmetric spaces and Bruhat–Tits build-
ings we are able to prove the main result of this section:
Proposition 17. Let l be a local field and assume that H is the group of l-points of
a connected almost simple algebraic l-group H, and that π has unbounded Zariski-
dense image. Then πh almost extends T .
Proof. Fix γ ∈ Λ∞. Let X be: the symmetric space associated to H if l is
Archimedean, or the Bruhat–Tits building associated to H otherwise. Since π(G) is
unbounded we know by Proposition 17 that δ(γ) fixes point-wise a non-empty closed
subset Y ⊂ ∂X stable under the action of πh(G). But the point-wise stabiliser of Y ,
26 APPROXIMATE LATTICES IN HIGHER-RANK SEMI-SIMPLE GROUPS
being the intersection of parabolic subgroups, is a Zariski-closed proper subgroup
of H and it is normalised by πh(G). It is thus central, and so δ(γ) is central as
well. Since this is true for all γ ∈ Λ∞ we find that πh almost extends T . 
5. Property (T) for Approximate Subgroups
We will now give a tentative definition of Property (T) for approximate sub-
groups. Our main goal in doing so is to prove that ⋆-approximate lattices in
Kazhdan groups generate a finitely generated subgroup. We will achieve this in
two steps: we will first prove that a ⋆-approximate lattice in a Kazhdan group has
property (T) (Proposition 20); then we will show that approximate subgroups with
property (T) generate finitely generated groups (Proposition 21).
5.1. Definition and First Properties. Recall that given a locally compact group
G, a unitary representation (π,H) and a subset Q ⊂ G, a (Q, ǫ)-invariant vector
for some ǫ > 0 is a unit vector ξ ∈ H such that ||π(g)ξ − ξ|| < ǫ for all g ∈ Q. If
there are (Q, ǫ)-invariant vector for all compact subsets Q and all ǫ > 0 we say that
π almost has invariant vectors. A locally group G is said to have property (T) if
there are a compact subset Q ⊂ G and ǫ > 0 such that any unitary representation
(π,H) that has a (Q, ǫ)-invariant vector admits a invariant unit vector.
Definition 9 (Property (T) for approximate subgroups). Let Λ be an approximate
subgroup of some group and Λ∞ the group it generates. We say that Λ has prop-
erty (T) if there are a finite subset Q ⊂ Λ and ǫ > 0 such that for any unitary
representation (π,Hπ) of Λ∞ that has (Q, ǫ)-invariant vectors one of the following
equivalent properties is satisfied:
(1) there is a unit vector ξ ∈ Hπ such that π(Λ)(ξ) is totally bounded;
(2) there is a unit vector ξ ∈ Hπ such that for all δ > 0 there is an approximate
subgroup Λ(δ, ξ) contained in and commensurable to Λ2 such that for all
λ ∈ Λ(δ, ξ) we have ||π(λ)(ξ) − ξ|| < δ;
(3) there is a sub-representation (σ,Hσ) such that σ(Λ) is totally bounded in
the unitary group U(Hσ) equipped with the strong operator topology.
Equivalence of the three conditions in Definition 9 is a clear consequence of the
following lemma:
Lemma 12. Let Λ be an approximate subgroup in some group, let (π,Hπ) be a
unitary representation of the group Λ∞ it generates and let ξ ⊂ Hπ be any vector.
The following are equivalent:
(1) for all δ > 0 there is an approximate subgroup Λ(δ, ξ) contained in and
commensurable to Λ2 such that for all λ ∈ Λ(δ, ξ) we have ||π(λ)(ξ)−ξ|| < δ;
(2) the subset π(Λ)(ξ) is totally bounded;
(3) there is a sub-representation (σ,Hσ) with ξ ∈ Hσ, and such that σ(Λ) is
relatively compact in the strong topology.
Proof. Let us start with (1) ⇒ (2). Take δ > 0, the subset π(Λ(δ, ξ))(ξ) is contained
in BHπ(ξ, δ) the ball of centre ξ and radius δ. But there is a finite subset Fδ ⊂ Λ3




Therefore, π(Λ)(ξ) is covered by finitely many balls of radius δ. The set π(Λ)(ξ) is
thus totally bounded, hence relatively compact.
APPROXIMATE LATTICES IN HIGHER-RANK SEMI-SIMPLE GROUPS 27
Notice now that for any γ ∈ Λ∞ there is Fγ ⊂ Λ∞ finite such that Λγ ⊂
FγΛ. So π(Λ)(π(γ)(ξ)) is relatively compact as well. Let (σ,Hσ) denote the sub-
representation of π generated by ξ i.e. Hσ is the closure of the linear span of
π(Λ∞)(ξ). We know that π(Λ)(ξ) contains a countable dense subset (it is totally
bounded in a metric space), so we readily check that Hσ contains a countable
dense subset (ξn)n≥0 such that σ(Λ)(ξn) is relatively compact for all n ≥ 0. By the
Arzela-Ascoli theorem, since σ(Λ) is obviously a set of equicontinuous operators,
we know that σ(Λ) is relatively compact in the point-wise topology. Thus proving
(2) ⇒ (3).
Suppose that σ(Λ) is compact in the strong operator topology. Choose δ > 0 and
let Vδ(ξ) be the open subset of U(Hσ) defined by {T ∈ U(Hσ) | ||T (ξ)− ξ|| < δ }.
Then Vδ(ξ) is symmetric and Vδ(ξ)
2 ⊂ V2δ(ξ). But σ(Λ) is compact, so σ(Λ) is
covered by finitely many left-translates of Vδ(ξ). Hence, by the usual argument
Λ2 ∩ V2δ(ξ) is an approximate subgroup commensurable to Λ (see e.g. [17, §2]). So
Λ(2δ, ξ) := Λ2 ∩ V2δ(ξ) works. So (3) ⇒ (1). 
Remark 4. As the proof shows, or since compact metric subsets are separable, we
can always find σ as in (2) such that Hσ is separable.
Note that the more naive definition asking for existence of a unit vector ξ left
invariant by all elements of Λ would essentially reduce to property (T) for the group
Λ∞ generated by Λ. However, we can link Definition 9 to other, more relevant to
our situation, generalisations of property (T) for subsets of groups. Notably we are
able to prove that if Λ has property (T) then the pair (Λ∞,Λ) has relative property
(T). Following [11] we say that a pair (Γ, X) with X a subset of a discrete group Γ
has relative property (T) if for all δ > 0 there are a finite subset Q ⊂ Γ and ǫ > 0
such that any unitary representation (π,Hπ) of Γ with (Q, ǫ)-invariant vector has
a unit vector ξ ∈ Hπ such that ||π(x)(ξ) − ξ|| < δ for all x ∈ X . We will assume
here that Λ is countable, but it will later turn out that this is always the case since
Λ∞ is finitely generated.
Proposition 18. Let Λ be a countable approximate subgroup of some group and
assume that Λ has property (T). Then the pair (Λ∞,Λ) has relative property (T).
Proof. We will show that (Λ∞,Λ) satisfies the relative property (FH) (see [11]). Let
α be an affine isometric action on a real Hilbert space H and choose a Kazhdan pair
(Q, ǫ) of Λ. We know that for any t > 0 there are a unitary representation (πt,Ht)
and a continuous map Φt : H → Ht taking values in the unit sphere of Ht such that
(i) 〈Φt(ξ),Φt(η)〉 = exp(−t||ξ−η||) for all ξ, η ∈ Ht, (ii) πt(γ)(Φt(ξ)) = Φt(α(γ)(ξ))
for all γ ∈ Λ∞ and ξ ∈ H, and (iii) the linear span of Φt(H) is dense in Ht (see
e.g. [1, Prop. 2.11.1]). Choosing t sufficiently small, we can assume that Φt(0)
is a (Q, ǫ)-invariant vector by (i) and (ii). So there is ζ ∈ Ht and approximate
subgroups (Λ(ζ, δ))δ>0 commensurable to Λ with πt(Λ(ζ, δ))(ζ) ∈ BHt(ζ, δ) for all
δ > 0 (Definition 9). Take ξ ∈ H and choose δ > 0. If α(Λ)(ξ) is unbounded, we
can find a sequence (λn)n≥0 of elements of Λ(ζ, δ) such that ||α(λn)(ξ)|| goes to ∞
as n goes to ∞. Then
|〈Φt(ξ), ζ〉| ≤ |〈Φt(ξ), πt(λ−1n )(ζ)〉| + δ = |〈Φt(α(λn)(ξ)), ζ〉| + δ
for all n ≥ 0. But Φt(α(λn)(ξ)) converges weakly to 0 as a consequence of (i)
and (ii) (see [1, Prop. 2.11.1.(iv)] for details). So |〈Φt(ξ), ζ〉| ≤ δ. Since δ > 0 is
arbitrary we find 〈Φt(ξ), ζ〉 = 0. According to (iii) we know that there is ξ ∈ H
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with 〈Φt(ξ), ζ〉 6= 0. So α(Λ)(ξ) is bounded. Hence, by [11, Th.1.1], (Λ∞,Λ) has
relative property (T). 
We do not know if the converse of Proposition 18 holds. Note however that
Proposition 18 shows that when Λ is a group, property (T) for approximate sub-
groups and property (T) are equivalent. Besides results from [11] (in particular
Theorem 1.8 and Proposition 1.11) show that when Λ generates a lattice in an
algebraic group over a local field the two notions are equivalent. We mention yet
another consequence of results from [11] as it provides many examples of approxi-
mate subgroups with property (T):
Proposition 19. Let G be a locally compact second countable group, N be a normal
closed subgroup and Γ ⊂ G be a lattice. Suppose that (G,N) has relative property
(T). Then there is a compact subset K ⊂ G such that for any compact neighbourhood
of the identity W containing K the approximate subgroup Γ∩NW has property (T).
Proof. Let p : G → G/N be the natural projection and write Q := p(Γ). As in
the proof of [11, Th. 1.8] we can assume that Q = G/N . Then by the proof of
[11, Th. 2.5.2] we know that there is a compact subset K ⊂ G such that for any
compact neighbourhood of the identity W containing K we have N ⊂ 〈W 〉 and the
pair (〈W 〉, N) has relative property (T) where 〈W 〉 is the subgroup generated by
W . Since 〈W 〉 is open we know that Γ∩〈W 〉 is a lattice in 〈W 〉. So as consequence
of [11, Th. 1.8] we know that the projection f : Γ → p(Γ) is a resolution (see
[11, Def. 4.2.2]). But Γ projects densely to G/N so NW ∩ Γ generates 〈W 〉 ∩ Γ.
There are therefore a finite subset Q ⊂ NW ∩ Γ and ǫ > 0 such that any unitary
representation of 〈W 〉∩Γ with a (Q, ǫ)-invariant vector admits a sub-representation
(σ,Hσ) that factors through f , hence with σ(NW ∩ Γ) relatively compact. 
5.2. Heredity. We now turn to the heart of Section 5: we will prove a certain
heredity result about property (T) for ⋆-approximate lattices.
Proposition 20. Let Λ be a ⋆-approximate lattice in a locally compact second
countable group G. The following are equivalent:
(1) G has property (T);
(2) Λ has property (T) for approximate subgroups.
Proof. We begin with (2) ⇒ (1) as the proof will use the ideas of Subsection 5.1.
Let (Q, ǫ) be a Kazhdan pair for Λ and let (π,Hπ) be a unitary representation of G
that admits (Q, ǫ)-invariant vectors. Let ξ ∈ H and (Λ(ξ, δ))δ≥0 be as in Definition
9 and take δ > 0. There is a symmetric neighbourhood of the identity V ⊂ G such
that π(V ) ⊂ Vδ/3 := {T ∈ U(Hσ) | ||T (ξ)− ξ|| < δ/3} and by Corollary 1 we know
that a finite number of left-translates of the subset X(δ, ξ) := V Λ(δ/3, ξ)V cover
G. But one checks that for all g ∈ X(δ, ξ) we have ||π(g)ξ − ξ|| ≤ δ. So there is
a sub-representation (σ,Hσ) such that σ(G) is relatively compact by Lemma 12.
According to the Peter–Weyl theorem σ, and hence π, has a finite dimensional
sub-representation. But that means that G has property (T) according to the
characterisation of property (T) from [1, Th.2.12.4].
Conversely, let ν be a proper G-invariant ergodic measure on ΩextΛ,G, let (Q, ǫ)
be a Kazhdan pair for G and let (π,Hπ) be a unitary representation of Λ∞. Note
that since G is σ-compact ([1, Th.1.3.1]), Λ∞ is countable. So we can assume
that Hπ is separable. Take a Borel section s : ΩextΛ,G → G as in Definition 8 and
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let αs : G × ΩextΛ,G → Λ∞ be the Borel cocycle given by Lemma 7. Thanks to the
cocycle identity α(gh,X) = α(g, hX)α(h,X) we can define a unitary representation
σ of G on Hσ := L2(ΩextΛ,G,Hπ; ν) by σ(g)(f) : X → π(α(g,X)−1)(f(gX)) (see e.g.
[28] for this and more). Arguing exactly as in [28, Th. 9.1.1] we show that there
are a finite subset Q′ ⊂ Λ and ǫ′ > 0 such that if (π,Hπ) has a (Q′, ǫ′)-invariant
vector, then (σ,Hσ) has a (Q, ǫ)-invariant vector. So suppose from now on that
(π,Hπ) has a (Q′, ǫ′)-invariant vector. Since (Q, ǫ) is a Kazhdan pair for G there is
φ ∈ L2(ΩextΛ,G,Hπ; ν) with norm 1 such that σ(g)(φ) = φ for all g ∈ G. Therefore,
for all g ∈ G and ν-almost all X ∈ ΩextΛ,G we have
π(α(g,X)−1)(φ(gX)) = φ(X).
Note first that by ergodicity of the action of G on ΩextΛ,G and since φ has norm 1 we
have that φ(X) has norm 1 in Hπ for ν-almost all X ∈ ΩextΛ,G. We will now proceed
as in Section 4 to produce a unit vector ξ ∈ Hπ and a sequence of approximate
subgroups (Λ(ξ, δ))δ>0 commensurable to Λ such that π(Λ(ξ, δ))(ξ) ⊂ BHπ(ξ, δ)
where BHπ(ξ, δ) is the ball of centre ξ and radius δ in Hπ . By Lemma 10 and since
αs takes values in Λ
2 there is ξ ∈ Hπ with norm 1 such that for all δ > 0 and
ν-almost all X ∈ ΩextΛ,G we have φ(X) ∈ π(Λ2)(BHπ (ξ, δ)). As in Lemma 11 we
can build fδ : Ω
ext
Λ,G → G and αfδ defined for all g ∈ G and almost all X ∈ ΩextΛ,G
by αfδ (g,X) := fδ(gX)
−1gfδ(X) such that fδ is Borel, αfδ takes values in Λ
6
and π ◦ αfδ takes values in Vδ(ξ) := {T ∈ U(Hπ) | ||T (ξ)− ξ|| < δ }. According to
Proposition 14 applied to αfδ and ∆ : X 7→ Vδ(ξ) we find that there is F ⊂ Λ
finite such that π(Λ) ⊂ π(F )V2δ(ξ). So Λ(2δ, ξ) := Λ2 ∩ π−1(V2δ(ξ)) and ξ are as
in Definition 9. 
5.3. Finite Generation and Other Consequences. It is well-known that prop-
erty (T) for groups implies finite generation (see e.g. [1]). We will show in the same
spirit that:
Proposition 21. If an approximate subgroup Λ of some group has property (T)
then the subgroup Λ∞ it generates is finitely generated. More precisely, if (Q, ǫ) is
any Kazhdan pair, then Λ is covered by finitely many left tanslates of the subgroup
∆ generated by Q.
Proof. Let (Q, ǫ) be a Kazhdan pair and let ∆ denote the subgroup generated by Q.
Then the quasi-regular representation (π, L2(Λ∞/∆)) has a (Q, ǫ)-invariant vector
given by the indicator function 1∆. So we can find φ ∈ L2(Λ∞/∆) and (Λ(δ, φ))δ>0
a family of approximate subgroups contained in Λ2 and commensurable to Λ such
that ||π(λ)(φ) − φ|| < δ for all δ > 0 and λ ∈ Λ(δ, φ). Now let p : Λ∞ → Λ∞/∆
denote the natural projection. Since φ is non-trivial, there is γ ∈ Λ∞ such that
φ(p(γ)) = α > 0. So for all λ ∈ Λ(α/2, φ) we have
|φ(p(λ−1γ))− φ(p(γ))| ≤ ||π(λ)(φ) − φ|| < α/2,
meaning λ−1γ ∈ φ−1([α/2;+∞)). We know that φ−1([α/2;+∞)) must be finite.
Write F a set of representatives of φ−1([α/2;+∞)) in Λ∞. Then λ−1γ∆∩F∆ 6= ∅
and Λ(α/2, φ) is contained in F∆γ. But we can find a finite subset F ′ ⊂ Λ∞ such
that Λ ⊂ F ′Λ(1/3, φ)γ−1 ⊂ F ′F∆. 
As a corollary, we obtain a version of Proposition 2 for ⋆-approximate lattices:
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Proposition 22. Let Λ be a ⋆-approximate lattice in some property (T) locally
compact group. The subgroup Λ∞ is finitely generated.
Proof. According to Proposition 20 we know that Λ has property (T). So Λ∞ is
finitely generated as a consequence of Proposition 21. 
6. Superrigidity and Arithmeticity
We prove in this section our main result i.e. Theorem 1. In the first two parts we
show two rigidity results about group homomorphisms defined on a ⋆-approximate
lattice that are key in the rest of the proof. The first one gives an alternative:
either the group homomorphism extends or it has bounded range. The second one
gives conditions under which a group homomorphism with bounded range extends
as well.
6.1. Superrigidity in Bounded Dimension. Let A be a finite set, let (kα)α∈A
be a family of local fields of characteristic 0 and let (Gα)α∈A be a family of connected
simple kα-groups with kα-rank ≥ 2. For any subset B ⊂ A set GB :=
∏
α∈B Gα(kα)
and let pB : GA → GB denote the natural map. Moreover, for all α ∈ A let Gα
denote Gα(kα) and let pα denote p{α}. For any local field l of characteristic 0 we let
p(l) denote the unique element of P ∪{∞} (the set of prime numbers together with
{∞}) such that l is a finite extension of the p(l)-adic field Qp(l) (where Q∞ := R).
Proposition 23. Let Λ be a star approximate lattice in GA and T : Λ
∞ → H(l)
be a group homomorphism towards the l-points of an affine l-group H. We have:
(1) if p(kα) 6= p(l) for all α ∈ A, then T (Λ) is a relatively compact subset of
H(l);
(2) if for every α ∈ A such that p(kα) = p(l), Gα is absolutely simple, H is
connected, dim(Gα) ≥ dim(H) and T (Λ) is not relatively compact in H(l),
then there is a continuous group homomorphism π : GA → H(l) that almost
extends T .
Proof. Let ν be an ergodic proper G-invariant Borel probability measure on ΩextΛ .
Let s be a Borel section of ΩextΛ and consider the Borel cocycle T ◦ αs : GA ×
ΩextΛ → H(l). Let L be the algebraic hull of T ◦ αs ([28, Prop. 9.2.1]) and let
β : GA × ΩextΛ → H(l) be a Borel cocycle cohomologous to T ◦ αs that takes
values in L(l). Let F ⋉ U be a Levi decomposition of L with F reductive and
U unipotent. Let p : L(l) → F(l) be the natural map. Then the algebraic hull
of p ◦ β : GA × ΩextΛ → F(l) is F. Indeed, otherwise there would exist a proper
l-subgroup F′ and a Borel map ψ : ΩextΛ → F(l) such that for all g ∈ GA and
ν-almost every X ∈ ΩextΛ we have ψ(gX) (p ◦ β) (g,X)ψ(X)−1 ∈ F′(l). Taking a
Borel map ψ̃ : ΩextΛ → L(l) such that p ◦ ψ̃ = ψ we would have for all g ∈ GA and
ν-almost every X ∈ ΩextΛ that
ψ̃(gX)β(g,X)ψ̃(X)−1 ∈ (F′ ⋉U) (l) ( L(l).
A contradiction. Thus, the cocycle p ◦β has a reductive algebraic hull. By [13, Th.
3.16] there are a continuous group homomorphism π : GA → F(l) and a cocycle
z : GA × ΩextΛ → F(l) that takes values in a compact subgroup centralising π(GA)
such that p ◦ β is cohomologous to the cocycle defined ν-almost everywhere by
g,X 7→ π(g)z(g,X).
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Suppose first that p(kα) 6= p(l) for all α ∈ A. Then π is trivial according to [19,
I.2.6.1, (i)]. So p ◦ β is cohomologous to a cocycle that takes values in a compact
subgroup of F(l). Reasoning as above we see that β is cohomologous to a cocycle
that takes values in an amenable subgroup. By [28, Th. 9.1.1] we thus have that
β is cohomologous to a cocycle that takes values in a compact subgroup of H(l).
Whence T ◦αs is cohomologous to a cocycle that takes values in a compact subgroup
of H(l). By Corollary 8 the subset T (Λ) is relatively compact in H(l).
Suppose now that the assumptions of (2) are satisfied. If π is trivial, then as
above we conclude that T (Λ) is relatively compact in H(l). Otherwise according
to [19, I.2.6.2] the Zariski closure of π(GA) is semi-simple. Moreover, one can
see applying [19, I.2.6.1,(iii)] again that dim(G) ≤ dim(F) for some α ∈ A with
p(kα) = p(l). As a consequence, we have the equality dim(F) = dim(H) and this
yields H = L = F since H is connected. So p = id and p ◦ β = β. So π almost
extends T according to Proposition 17. 
6.2. Compact Superrigidity.
Proof of Proposition 1. Take σ : Λ∞ → L(R) ∈ X(Λ). The approximate subgroup
σ(Λ2) is a neighbourhood of the identity so by [10] there exists a symmetric subset
Λ′ of σ(Λ2) that generates an open subgroup 〈Λ′〉 of L(R) and a compact subgroup
K ⊂ Λ′4 normal in 〈Λ′〉 such that 〈Λ′〉/K is a Lie group of dimension d bounded
by CK a positive integer that only depends on K. But L is semi-simple, 〈Λ′〉
is an open subgroup of L(R) and K ⊂ Λ8 does not project surjectively to any
factor of L(R). So K is a finite central subgroup of L(R). Hence d = dim(L) and
dim(L) ≤ CK . Choose now τ : Λ∞ → H(R) ∈ X(Λ) with dim(H) maximal and
take any σ : Λ∞ → L(R) ∈ X(Λ). Consider the group homomorphism
η : Λ∞ −→ H(R)× L(R)
γ 7−→ (τ(γ), σ(γ)).
Note that η(Λ2) is a relatively compact subset of H(R) × L(R). Let pH : H(R) ×









is a neighbourhood of the identity in H(R) and generates an open subgroup H̃.
Similarly, the compact approximate subgroup pL(η(Λ2)) is a neighbourhood of the
identity in L(R). By [17, Th. 1.4] there is a a Lie group L, an injective Lie group
homomorphism φ : L→ H(R)× L(R) and a symmetric compact neighbourhood V
of the identity in L such that φ(V ) = η(Λ)
2
. Let N denote the kernel of the map
pH ◦φ and let n be its Lie algebra. Since pL ◦φ(V ) is open in L(R) the map d(pL ◦φ)
is surjective. Thus, the Lie algebra d(pL ◦ φ)(n) is an ideal of the Lie algebra l of
L(R). Since L is semi-simple, there is an ideal l1 of l with d(pL ◦ φ)(n) ⊕ l1 = l.
Let L1 be a normal R-subgroup of L with Lie algebra l1. Let π : H(R) × L(R) →
H(R)× (L/L1) (R) be the natural map. Then π ◦φ is open so we find π ◦ η ∈ X(Λ).
By maximality of dim(H) we have that d(pL ◦φ)(n) is the trivial ideal. But φ is an
injective map so (pL ◦ φ)|N is injective. Therefore, the subgroup N ⊂ L is discrete.
Now pL ◦ φ(N) is a countable subgroup of L(R) normalised by an open subgroup
of L(R). So pL ◦ φ(N) is trivial, hence N is trivial. As a consequence, pH ◦ φ yields
a continuous isomorphism L ≃ H̃ where H̃ ⊂ H(R) is some open subgroup. Then
we have η = φ ◦ (pH ◦ φ)−1 ◦ τ where we consider that pH ◦φ is a map L→ H̃. This
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means
σ = pL ◦ η = pL ◦ φ ◦ (pH ◦ φ)−1 ◦ τ.
Set π := pL ◦ φ ◦ (pH ◦ φ)−1. Since σ(Λ2) is open the group homomorphism π has
Zariski-dense image. Therefore by [19, I.2.6.1, (iii)] there is an R-morphism H → L
that extends π. 
Remark 5. By [17, Th. 1.4], a compact approximate subgroup Λ of G(R) with G a
R-simple algebraic R-group has non-empty interior as soon as Λ is Zariski-dense.
6.3. Arithmeticity : Simple Algebraic Groups. Fix a local field k of char-
acteristic 0 and a ⋆-approximate lattice Λ in the group of k-points of a connected
absolutely simple algebraic k-group G of k-rank ≥ 2. To any g ∈ G(k) one can
associate the trace TrAd g of the endomorphism Ad g of the Lie algebra g(k) of G.
To any field embedding σ : k → l one can associate a simple algebraic k-group Gσ
and a map σ0 : G(k) → Gσ(l) (if G(k) ⊂ GLn(k) the group Gσ and the map σ0
are obtained by applying σ to the entries of matrices in G(k), see [19] for precise
definitions). The map σ0 is a group homomorphism, continuous with respect to the
Zariski-topology, and if σ is an isomorphism then σ0 is a homeomorphism. Besides,
we have for any g ∈ G(k) that TrAd σ0(g) = σ (TrAd g). We now recall a result
due to Borel–Tits [7].
Lemma 13. Let k (resp. l) be a local field, G (resp. H) be a connected absolutely
simple algebraic k-group (resp. l-group). Assume that G(k) is not compact. Let π :
G(k) → H(l) be a continuous group homomorphism with Zariski-dense image. Then
there is a continuous field embedding σ : k → l such that TrAd π(g) = σ (TrAd g).
Proof. Let k′ be an extension of k. Then g ∈ G(k) ⊂ G(k′) and the k-Lie algebra
of G(k) is a k-structure of the k′-Lie algebra of G(k′). So TrAd g is independent of
the base field we are considering. Thus, Lemma 13 is a consequence of [19, I.1.8.1,
I.1.8.2 and I.1.4.8]. 
Proposition 24. Let φ : Λ∞ → L(C) be a group homomorphism towards the C-
points of a simple algebraic C-group L and suppose that φ(Λ∞) is Zariski-dense.
If k is Archimedean, suppose in addition that L has dimension ≤ dim(G). Then
{TrAdΛ∞} is a subset of the field of algebraic numbers Q.
Proof. Let τ,H be as in Proposition 1. Write H(R) =
∏
i∈I Hi(ki) where I is finite,
the groups Hi are absolutely simple and the fields ki are Archimedean. For any
h ∈ H(R) let c(h) denote supi∈I |TrAd pi(h)| where pi : H(R) → Hi(ki) is the
natural projection. Note that the only continuous field homomorphism R → C is
the identity and that the only two continuous field homomorphisms C → C are
the identity and complex conjugation. Take now an element γ ∈ Λ∞ and a field
automorphism σ ∈ Gal(C/Q). If σ0 ◦ φ(Λ∞) is bounded, then
|σ(TrAd φ(γ))| = |TrAdσ0 ◦ φ(γ)| ≤ dimL.
If σ0 ◦ φ(Λ∞) is unbounded but σ0 ◦ φ(Λ) is bounded, then there is i ∈ I and a
continuous homomorphism π : H(R) → Lσ(k) such that π ◦ τ = σ0 ◦ φ. Since π
has Zariski-dense image, we see that it must factor through one of the projections
pi : H(R) → Hi(ki). According to Lemma 13 we then have that for all γ ∈ Λ∞ we
have
|σ (TrAd τ(γ)) | = |TrAdπ ◦ τ(γ)| ≤ c(τ(γ)).
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Otherwise σ0 ◦φ(Λ) is unbounded, so there is π : G(k) → Lσ(C) that extends σ0 ◦φ
according to Proposition 23. By Lemma 13 again we have
|σ (TrAdφ(γ)) | = |TrAdπ ◦ φ(γ)| = |TrAdφ(γ)|.
Since the set of automorphisms of C acts transitively on transcendent numbers, the
above bounds imply that Trφ(Λ∞) is made of algebraic numbers. 
Proposition 25. The set {TrAdΛ∞} is contained in a number field.
Proof. By Proposition 24 we have TrAdφ(Λ∞) ⊂ Q. But G(k) has property (T) so
Λ generates a finitely generated subgroup (Proposition 22). By a classical argument
TrAdφ(Λ∞) must generate a finitely generated field, hence a number field. 
Proposition 26. There is a number field K, an absolutely simple algebraic K-
group H and a finite set of places S of K containing the Archimedean ones such
that:
(1) Λ∞ embeds in
∏
v∈S H(Kv) and is commensurable to H(OK,S) where OK,S
is the ring of S-integers;
(2) there exists v ∈ S with a continuous group isomorphism H(Kv) ≃ G(k)
such that Λ is contained in and commensurable to a model set coming from




Proof. By Proposition 25 we know that TrAdΛ∞ is contained in a number field K.
Since Λ∞ is Zariski-dense we have according to [27] that there exists an absolutely
simple K-group H and a k-isomorphism π : G → H such that π(Λ∞) ⊂ H(K).
Since Λ∞ is finitely generated (Proposition 22) we can find moreover a finite set
of inequivalent places S of K containing all the Archimedean places such that
π(Λ∞) ⊂ H(OK,S).
Let Γ denote the subgroup π(Λ∞) of H(OK,S) and consider H(K) as a subgroup
of
∏
v∈S H(Kv) via the diagonal embedding. By the Borel–Harish-Chandra theorem
the subgroup H(OK,S) is a lattice in
∏
v∈S H(Kv). For all v ∈ S, let iv : H(K) →
H(Kv) be the inclusion map and let pv :
∏
w∈S H(Kw) → H(Kv) be the natural
projection. By Proposition 23 there is a partition {S1, S2} of S such that for all
v ∈ S1 there is a continuous group homomorphism πv : G(k) → H(Kv) that extends
the obvious map Λ∞ → H(K) → H(Kv) and for all v ∈ S2 the subset pv ◦ π(Λ) is
relatively compact.
Since Λ is infinite and H(OK,S) is discrete in
∏
v∈S H(Kv), we know that S1 is
non-empty. Take v, v′ ∈ S1. By Lemma 13 there are continuous field homomor-
phisms σv : k → Kv and σv′ : k → Kv′ such that for all γ ∈ Λ∞ we have
σv(TrAd γ) = TrAdπv(γ) = TrAd π(γ) = TrAdπv′ (γ) = σv′ (TrAd γ).
But TrAdπ(Λ∞) generates K so (σv)|K = (σv′)|K meaning v = v
′.
So let v be the unique element in S1. We have that πv is a continuous group
isomorphism (we already now that it is injective). Indeed, according to [19, I.1.8.1]
there is a continuous field embedding σ : k → Kv and an isogeny β : Gσ → H such
that β ◦σ0 = πv. In particular, the traces TrAdπv(Λ∞) are contained in the closed
subfield σ(k). But the subset TrAdπv(Λ
∞) generates K which is dense in Kv.
So σ is a continuous field isomorphism and πv is a continuous group isomorphism.





πv(Λ) ⊂ pv (H(OK,S) ∩ (H(Kv)×W0)) .
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But pv (H(OK,S) ∩ (H(Kv)×W0)) is a ⋆-approximate lattice (Proposition 8) and








= pv (H(OK,S) ∩ (H(Kv)×W0))
contains and is commensurable to πv(Λ) according to Proposition 5.
It remains to prove that πv(Λ
∞) is commensurable to H(OK,S). The closure of
the projection of π(Λ) to
∏
w∈S2
H(Kw) is commensurable to W0 by [19, II.6.8],
and, hence, contains an open set by the Baire category theorem. So Γ projects
to an open subgroup H of
∏
w∈S2
H(Kw). So there is S
′
2 ⊂ S2 containing all the
Archimedean places such that H(Kw)∩H has finite index in H(Kw) for all w ∈ S′2
and H(Kw)∩H is compact but H(Kw) is not for all w ∈ S2 \S′2. By Corollary 6 we




Γ is contained in a subgroup of H(OK,S) commensurable to H(OK,S1∪S′2) according
to the Borel–Harish-Chandra theorem. 
6.4. Arithmeticity : Semi-Simple Algebraic Groups. Let A be a finite set,
let (kα)α∈A be a family of local fields of characteristic 0 and let (Gα)α∈A be a
family of absolutely simple kα-groups with kα-rank ≥ 2. For any subset B ⊂ A set
GB :=
∏
α∈B Gα(kα) and let pB : GA → GB denote the natural map. Moreover,
for all α ∈ A let Gα denote Gα(kα) and let pα denote p{α}.
The purpose of this section is to prove Theorem 1. We start with a general
lemma that allows us to reduce the problem to the case of irreducible approximate
lattices.
Lemma 14. Let Λ be a ⋆-approximate lattice in a product of locally compact sec-
ond countable groups G1 × G2 and let Γ be a subgroup of G1 × G2 that contains
Λ. For i = 1, 2, let pi : G1 × G2 → Gi denote the natural map. Suppose that
pi(Λ) is ⋆-approximate lattices contained in and commensurable to a model set
P0(Gi, Hi,Γi,Wi). Assume furthermore that the projection of Γi to Gi is equal to
pi(Γ). We thus have the obvious map τ : Γ → Γ1 × Γ2 (recall that the projection of
Γi to Gi is injective) and let ∆ denote its image. Then:
(1) the projection of ∆ to H1×H2 is dense in an open subgroup U that projects
surjectively to each factor;
(2) the triple (G1 ×G2, U,∆) is a cut-and-project scheme;
(3) Λ is contained in and commensurable to the model set P0(G1×G2, U,∆,W0)
where W0 := (W1 ×W2) ∩ U ;
(4) there are open normal subgroups U1 ⊂ H1 and U2 ⊂ H2 such that U1×U2 ⊂
U .
Proof. Statements (2) and (3) are consequences of Corollary 6. Note first of all that
the projection of ∆ to any of the factorsHi is dense and let qi : Γ1×Γ2 → Hi denote
the projections for i = 1, 2. We know that Γ ∩ Gi is a normal subgroup of Γ that
contains Λ2 ∩ Gi. But Λ2 ∩ Gi and pi(Λ) are two ⋆-approximate lattices of Gi by
Proposition 5 so they are commensurable according to Corollary 2. So the closure
of qi ◦ τ(Λ2 ∩ Gi) is commensurable to Wi, hence a subset of Hi with non-empty
interior by the Baire category theorem. The closure Ui of qi ◦ τ(Γ ∩ Gi) is thus
an open subgroup of Hi normalised by the projection of ∆ to Hi. Therefore, the
subgroup Ui is an open normal subgroup. But the subgroup U1 × U2 is contained
in the closure U of ∆. So this proves (1) and (4). 
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The proof of Theorem 1 therefore essentially reduces to showing:
Theorem 4. Let Λ be an irreducible ⋆-approximate lattice in GA. There are a
number field K, a finite set of places S and an absolutely simple algebraic K-group
H such that:
(1) for all v ∈ S the group H(Kv) is not compact and S contains all the
Archimedean places v such that H(Kv) is not compact;
(2) the subgroup Λ∞ embeds in
∏
v∈S H(Kv) and is commensurable to the arith-
metic subgroup H(OK,S);




H(Kv) ≃ GA such that the image of Λ through this isomor-









We first show how to prove Theorem 1 from Theorem 4:
Proof of Theorem 1. Let {B1, . . . , Br} be given by Proposition 10. By Proposi-
tion 9 we know that pBi(Λ) is a ⋆-approximate lattice in GBi for all 1 ≤ i ≤ r.
Let Ki, Hi and S
i












Theorem 1 is proved by induction on r using Lemma 14. 
Let us now turn to the proof of Theorem 4:
Proof of Theorem 4. According to Propositions 20 Λ has property (T) and by
Proposition 21 the subgroup Λ∞ is finitely generated. Choose α0 ∈ A such that
dim(Gα0) is minimal and take a symmetric compact neighbourhood of the identity






We know that Λα0 is a ⋆-approximate lattice in Gα0 . Moreover, according to
Proposition 9 the obvious map Λ∞ → Λ∞α0 is bijective. By Proposition 26 applied
to Λα0 there are a number field K, an absolutely simple K-group H with dimH =
dimGα0 , a finite set of inequivalent places S containing all Archimedean places such
that H(Kv) is non-compact for all v ∈ S and an irreducible lattice Γ ⊂
∏
v∈S H(Kv)
commensurable to H(OK,S) such that Γ is abstractly isomorphic to Λ∞. Let φ :
Γ → Λ∞ be an isomorphism. By Margulis’ superrigidity φ gives rise to a continuous
group homomorphism π :
∏
v∈S H(Kv) → GA. Conversely, by Proposition 23
applied to the composition of φ−1 with the natural projection to each simple factor
of
∏
v∈S H(Kv) there is a partition {S1, S2} of S such that p2 ◦ φ−1(Λ) is bounded









H(Kv) is the natural projection
(i = 1, 2). But then π′ ◦ π extends (p1)|Γ so π′ ◦ π = p1 by the uniqueness part of








where W0 is any symmetric compact neighbourhood of the identity containing p2 ◦
φ−1(Λ), so is uniformly discrete. Hence, for any compact subset K ⊂ GA we know
that K ker(π′)K ∩ Λ is finite, so by Corollary 1 we find that ker(π′) is compact.
Therefore, π′ is an isomorphism since GA has no compact factor. We conclude
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that π′(Λ) is a ⋆-approximate lattice contained in P0 and by Corollary 4 it is also
commensurable to P0. 
Finally, we deduce a posteriori a superrigidity theorem without assumptions on
the dimension of the target group.





be as in Theorem 4 and identify
∏
v∈S1
H(Kv) with G. By Margulis’ super-
rigidity there is a continuous group homomorphism π :
∏
v∈S H(Kv) → L(k)
that extends T . Moreover, we know that π factors though the natural projec-
tion pv :
∏
w∈S H(Kw) → H(Kv) for some v ∈ S. But π(Λ) = T (Λ) is un-





H(Kw). We thus have a continuous group homomorphism
G→ L(k) that extends T . 
6.5. Meyer Theorem in Semi-simple S-adic Lie Groups. We will now prove
Theorem 2. Let us first recall the following definition from [17, Def. 1]:
Definition 10. Let Λ be an approximate subgroup of a group G. A group ho-
momorphism f : Λ∞ → H with target a locally compact group H is called a good
model (of Λ) if:
(1) f(Λ) is relatively compact;
(2) there is U ⊂ H a neighbourhood of the identity such that f−1(U) ⊂ Λ.
Any approximate subgroup commensurable to Λ will be called a Meyer subset.
We will use the language of good models instead of the one of model sets as it
will reveal to be handier. Both languages turn out to be equivalent as the following
shows:
Proposition 27. Let Λ be a ⋆-approximate lattice in a locally compact second
countable group G. Then the following are equivalent:
(1) the ⋆-approximate lattice Λ is contained in a model set;
(2) there is a good model of Λn for some positive integer n;
(3) the ⋆-approximate lattice Λ is a Meyer subset.
Proof. The equivalence (2) ⇔ (3) is [17, Prop. 3.5].
If Λ is contained in a model set, then Λ is commensurable to a model set by
Proposition 5. So Λ a Meyer subset by [17, Prop. 1.1].
Conversely, there are a positive integer n and a good model f : Λ∞ → H of
Λn. The graph Γf ⊂ G ×H of f is then a discrete subgroup in G ×H and there
is a symmetric compact neighbourhood of the identity W0 ⊂ H such that Λ is
contained in the projection to G of Γf ∩ (G×W0) by [17, Lem. 3.12]. By Corollary
6 we have that (G,H,Γf ) is a cut-and-project scheme and that Λ is contained in a
model set. 
For this and more about the viewpoint of good models see [17].
Let now G be a semi-simple S-adic Lie group (see for instance [2]) without rank 1
factors and such that the kernel of the adjoint map Ad is the centre of G. There are
a finite set A and simple S-adic Lie groups (Gα)α∈A such that Ad(G) =
∏
α∈AGα.
Let Ac denote the subset {α ∈ A|Gα is compact} and Anc := A \ Ac. For all
α ∈ Anc the group Gα is isomorphic to an open subgroup of the automorphism
group of its Lie algebra. Hence, for all α ∈ Anc there exists a place vα over Q and
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a simple algebraic Qvα-group Gα with Qvα-rank 6= 1 such that Gα is isomorphic to
an open subgroup of Gα(Qvα). Moreover, by the Howe-Moore property the image
of Gα in Gα(Qvα) has finite index. For any subset B ⊂ A let GB denote
∏
α∈B Gα,
let pB : GA → GB be the natural projection and set pα := p{α}. Furthermore, for
every place v over Q let Av denote the set of all α ∈ Anc such that vα = v.
Our first two results are concerned with dealing with the centre of G.
Proposition 28. Let Λ be a ⋆-approximate lattice in G such that the projection of
Λ∞ to the maximal compact factor of G is dense. Let Z be the centre of G. Then
there is a positive integer n such that Λn ∩ Z is a subgroup of finite index in Z.
Proof. Write H := Λ∞. By [17, Prop. 6.4] the subgroup H has property (S). So
CG(H) = Z by the Borel-Wang density theorem where CG(·) denotes the centraliser
of a subset in G. We claim now that there is a finite subset F1 of Λ such that
Z = CG(H) = CG(F1). Indeed, this is true if G is a product of points of algebraic
groups since algebraic groups have the descending chain condition for Zariski-closed
subgroups. And by assumption on the kernel of Ad it suffices to find F1 ⊂ Λ such
that the centraliser of Ad(F1) is trivial. This shows the claim. Let V be a symmetric
compact neighbourhood of the identity in G such that V ΛV = G (Corollary 1) and
F1 ⊂ V . Define the subset Ξ := Λ2 ∩ V 2Z. Since Z ⊂ V ΞV and Z is central, we
have that Z ⊂ V 2Ξ. Moreover, the subset {ξ1ξ2ξ−11 ξ−12 |ξ1, ξ2 ∈ Ξ} is contained in















, which yields Z ⊂
(













4 ∩ Z). So we can find a positive integer n such that Λn ∩ Z = Λ∞ ∩ Z and
Z ⊂ F4(Λn ∩ Z). 
Corollary 10. Let Λ be a ⋆-approximate lattice in G such that the projection of
Λ∞ to the maximal compact factor of G is dense. Then Ad(Λ) is a ⋆-approximate
lattice, and Λ is contained in a model set if and only if Ad(Λ) is contained in a
model set.
Proof. By [17, Lem. 6.2] and Proposition 28 the approximate subgroup Ad(Λ) is
locally finite. So Ad(Λ) is a ⋆-approximate lattice (Corollary 2). By Proposition
27 there are a positive integer n and a good model f : Ad(Λ)∞ → H of Ad(Λ)n.
Now the map f ◦ Ad : Λ∞ → H is a good model of Ad−1(Ad(Λn)) = ZΛn. But
according to Proposition 28 the subset ZΛn is commensurable to Λ. So Λ is a
Meyer subset and hence Λ is contained in a model set by Proposition 27. 
We can now focus on the image of the adjoint map Ad(G). As discussed above,
Ad(G) is naturally isomorphic to the direct product of its simple factors. Once
again, we will therefore start by decomposing Ad(Λ) into a product of irreducible
pieces.
Lemma 15. Let Λ be a ⋆-approximate lattice in GA(= Ad(G)). Let {B1, . . . , Br}
be a partition of A and let Λ1 ⊂ GB1 , . . . ,Λr ⊂ GBr be approximate lattices such
that Λ1 × · · · × Λr is commensurable to Λ. If Λ1,Λ2, . . . and Λr are contained in
model sets, then Λ is contained in a model set.
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Proof. Let f1 : Λ
∞
1 → H1, . . . , fr : Λ∞1 → Hr be good models of Λn1 , . . . ,Λnr
respectively for some integer n (Proposition 27). Then f1 × · · · × fr is a good
model of Λn1 × · · · × Λnr which is commensurable to Λ. So Λ is a Meyer subset and
Proposition 27 concludes. 
We deal now with the compact factors of G. As it turns out, the irreducible
pieces of Ad(Λ) also project densely to compact factors of Ad(G).
Lemma 16. Let Λ be a ⋆-approximate lattice in GA(= Ad(G)) such that the pro-
jection of Λ∞ to the maximal compact factor of G is dense. Let {B1, . . . , Br} be a
partition of A and let Λ1 ⊂ GB1 , . . . ,Λr ⊂ GBr be irreducible ⋆-approximate lattices
such that Λ1 × · · · × Λr is commensurable to Λ. Take i ∈ {1, . . . , r}. Then either
GBi is compact or the closure of the projection of Λi to the maximal compact factor
of GBi has non-empty interior.
Proof. The maximal compact factor of GBi is equal to GAc∩Bi . Let Gci denote the
compact group GAc∩Bi and let pci denote the projection pAc∩Bi . We know that
the approximate subgroup Λi = pBi(Λ1 × · · · × Λr) is commensurable to pBi(Λ).
So the closure of the projection of Λi to Gci has non-empty interior if and only
if the closure of pci(Λ) has non-empty interior according to the Baire category
theorem. According to [17, Th. 1.4] there is a locally compact group H , a compact
neighbourhood of the identity V and a continuous injective group homomorphism
φ : H → Gci such that φ(V ) = pBi(Λ)
2
. We thus want to prove that φ is open.
Since p-adic Lie groups are locally pro-p groups we know by a classical application
of Goursat’s Lemma that it suffices to prove that pAv∩Bi ◦ φ is open for all places
v over Q. Let us thus assume that Gci is a p-adic Lie group for some p (where p
can be a prime number or ∞ and a ∞-adic Lie group is a real Lie group). Let
gci denote the lie algebra of Gci and let k denote the lie subalgebra given by [17,
Th. 1.4] applied to pBi(Λ)
2
. The Lie subalgebra k is stable under the action of
Ad(pci(Λ
∞)) and pci(Λ
∞) is dense in Gci, so k is an ideal of gci. As a consequence,
there is B′i ⊂ Bi ∩Ac such that GB′i ∩ pBi(Λ)
2
is open in GB′i and commensurable
to pBi(Λ)
2
([17, Prop. 6.1]). Then p(Bi∩Ac)\B′i(Λ) is finite. So the projection
of Λi to G(Bi∩Ac)\B′i is finite. By Corollary 2 the subset Λ
2
i ∩ GB′i∪(Bi∩Anc) is
a ⋆-approximate lattice in GB′i∪(Bi∩Anc) and is commensurable to Λi. But Λi is
irreducible, so B′i = Bi ∩ Ac. 
Finally, we are able to show that Ad(Λ) is contained in a model set if and only
if its projection to the non-compact part GAnc is contained in a model set.
Lemma 17. Let Λ be an irreducible ⋆-approximate lattice in Ad(G) such that the
projection of Λ∞ to the maximal compact factor of G is dense in an open subset.
If pAnc(Λ
2) is contained in a model set, then Λ is contained in a model set.
Proof. If the subgroup Ad(G) is compact, then Λ is finite. So Λ is contained in a
model set. Otherwise, define K as the subgroup Λ∞ ∩GAc . Then K is compact,
contained in GAc and normalised by Λ
∞. But pAc(Λ
∞) is dense in an open subset,
so K is normal in GA. So there is B ⊂ Ac such that K is an open subgroup of
GB. Then CGB (Λ
∞∩GB) = CGB (K) = {e}. So according to the descending chain
condition we can find a positive integer n such that CGB (Λ
n ∩GB) = {e}. But for
all λ ∈ Λ we have that λ(Λn ∩GB)λ−1 is contained in the finite set Λn+2 ∩GB. As
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So Λ is commensurable to the ⋆-approximate lattice Λ2 ∩GA\B by [17, Prop. 6.1].
Since Λ is irreducible the subset B must be empty. So the restriction of the map
pGAnc to Λ
∞ must be one-to-one. Now by Proposition 27 there are a positive integer
n and a good model f : pGAnc (Λ
∞) → H for pGAnc (Λn). But f ◦pGAnc is obviously
a good model for Λn. So Λ is contained in a model set by Proposition 27. 
Finally, we put all the pieces back together.
Lemma 18. Let Λ be an irreducible ⋆-approximate lattice in Ad(G) such that the
projection of Λ∞ to the maximal compact factor of G is dense in an open set. And
suppose that Ad(G) has no factor with R-rank 1. Then Λ is contained in a model
set.
Proof. According to Proposition 8 the projection pAnc(Λ
2) is a ⋆-approximate lat-
tice. By Lemma 17 we can therefore assume that Ad(G) has no compact factor.
So Ad(G) is isomorphic to a finite index open subgroup of
∏
α∈A Gα(Qvα). Let
π : G → ∏α∈A Gα(Qvα) denote one such continuous group isomorphism. One can
thus apply Theorem 1 to π(Λ) in
∏
α∈A Gα(R). Since π is one-to-one we have by
Proposition 27 that Λ is contained in a model set. 
Proof of Theorem 2. According to Corollary 10 the approximate subgroup Ad(Λ)
is a ⋆-approximate lattice in Ad(G) = GA and it suffices to show that Ad(Λ) is
contained in a model set. Take a decomposition Λ1, . . . ,Λr of Ad(Λ) into irreducible
pieces given by Corollary 7. By Lemma 18 and Lemma 16 the ⋆-approximate lattices
Λi are contained in model sets. So Λ is contained in a model set according to Lemma
15. 
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